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The recent statistical theory of neural networks focuses on nonparamet-
ric denoising problems that treat randomness as additive noise. Variability in
image classification datasets does, however, not originate from additive noise
but from variation of the shape and other characteristics of the same object
across different images. To address this problem, we introduce a tractable
model for supervised image classification. While from the function estima-
tion point of view, every pixel in an image is a variable, and large images
lead to high-dimensional function recovery tasks suffering from the curse of
dimensionality, increasing the number of pixels in the proposed image defor-
mation model enhances the image resolution and makes the object classifica-
tion problem easier. We introduce and theoretically analyze three approaches.
Two methods combine image alignment with a one-nearest neighbor classi-
fier. Under a separation condition, it is shown that perfect classification is
possible. The third method fits a convolutional neural network (CNN) to the
data. We derive a rate for the misclassification error that depends on the sam-
ple size and the complexity of the deformation class. An empirical study cor-
roborates the theoretical findings.

1. Introduction. From a machine learning perspective, object recognition is typically
framed as a high-dimensional classification problem, where each pixel is treated as an inde-
pendent variable. The objective of the classification rule is to learn the functional relationship
between the pixel values of an input image and the corresponding conditional class proba-
bilities or the labels. However, for high-resolution images with many pixels, the domain of
the function is a high-dimensional space, leading to slow convergence rates due to the curse
of dimensionality. To align the strong empirical performance of convolutional neural net-
works (CNNs) with theoretical guarantees, one common approach is to assume that the true
functional relationship between inputs and outputs has a latent low-dimensional structure;
see, for example, [32]. This assumption allows the convergence rate to depend only on this
low-dimensional structure, potentially circumventing the curse of dimensionality.

A functional data perspective is to treat images as highly structured objects that can be
represented by a bivariate function, where each pixel value corresponds to a local average of
the function over its location. From this viewpoint, variations of the same object in differ-
ent images are interpreted as deformations of a template image, which introduces additional
complexity for classification compared to the pixelwise approach. This concept has been
explored in foundational work on pattern recognition. Grenander and Mumford ([24, 46])
distinguish between pure images and deformed images, with the latter being generated from
pure images through specific deformations. Since then, several generative models for object
deformation on images have been proposed. For instance, [12, 13, 41] study a rich class of
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local deformations, while [47, 48] extend these models to address more complex deforma-
tions such as noise, blur, multiscale superposition, and domain warping. Generative models
are becoming increasingly important in fields such as medical image registration or computer
vision [5, 29, 58, 69]. While existing work focuses on algorithms that can effectively han-
dle image deformations, statistical modeling and theoretical generalization guarantees are,
however, underexplored.

This paper aims to bridge this gap by introducing a tractable image deformation model
that addresses a fundamental yet rich class of geometric transformations, including common
variations in object positioning, scaling, brightness, and rotation. We focus on a binary image
classification setting, where datasets consist of n labeled images of two objects, such as the
digits 0 and 4, with each image representing a random deformation of one of these objects.
In the case of digits, these deformations can capture natural variations found in, for instance,
individual handwriting.

Our statistical analysis differs significantly from the wide range of well-understood classi-
fication problems that rely on local smoothing. In these settings, randomness arises because
the covariates (or inputs) do not fully determine the class label, requiring classifiers to aggre-
gate training data with similar covariate values to effectively denoise. The resulting conver-
gence rates for standard smoothness classes typically align with those seen in nonparametric
regression and suffer from the curse of dimensionality for high-resolution images [9].

In the proposed statistical setting, the randomness occurs due to the different deformations
that can arise on images within one class. The objective of the classification is, therefore, to
remain invariant to these uninformative variations.

We approach this nonstandard classification problem by first constructing classifiers ex-
ploiting the specific structure of the random object deformation model. These classifiers in-
terpolate the data and can be interpreted as one-nearest neighbor classifiers in a transformed
space. At low image resolutions, however, distinguishing between highly similar objects be-
comes impossible. We prove that if the two objects satisfy a separation condition that de-
pends on the image resolution, then the classifiers can perfectly discriminate between the
two classes on test data. Interestingly, the sample size n plays a minor role in the analysis; it
suffices to observe one training sample for each class. The imposed separation condition is
also necessary in the sense that any smaller separation would result in nonidentifiability of
the classes, making accurate discrimination impossible (see Theorem 3.8).

A key contribution of this work is the misclassification error rates for CNN classifiers,
showing that CNNs can adapt to various geometric deformations. As a first result, we prove
that for a suitably chosen network architecture, specific parameter assignments in a CNN can
effectively discriminate between the two classes. This shows that among all classifiers that are
representable by a given CNN architecture, there exist classifiers that are (nearly) invariant
with respect to the possible deformations of an object in an image. Based on this and statistical
learning techniques, we derive misclassification bounds for CNN classifiers in Theorems 4.1
and 4.4. For specific deformation classes, the obtained rates depend on the sample size and
the number of pixels and the dependence on the input dimension is much more favorable
than the curse of dimensionality observed in standard nonparametric convergence rates. The
proposed setting has the potential to provide a more refined understanding of phenomena
such as overparametrization or the improved performance through data augmentation.

The article is structured as follows. In Section 2 we introduce the image deformation
model. As theoretical benchmarks, we introduce two classifiers for this deformation model
in Section 3. Section 4 analyzes a CNN-based classifier. The simulation study in Section 5
compares the three classifiers. A literature overview is provided in Section 6. We conclude in
Section 7 with a discussion of potential extensions and future research directions.
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Notation. For a real number x, ⌊x⌋ represents the largest integer that is less than or
equal to x, whereas ⌈x⌉ represents the smallest integer that is greater than or equal to
x. We denote vectors and matrices by bold letters, for example, v := (v1, . . . , vd) and
W = (Wi,j )i=1,...,m;j=1,...,n. As usual, |v|p := (

∑︁d
i=1 |vi |p)1/p and |v|∞ := maxi |vi |. For

a matrix W = (Wi,j )i=1,...,m;j=1,...,n, we define the maximum entry norm as |W|∞ =
maxi=1,...,m;j=1,...,n |Wi,j |. For two sequences (an)n and (bn)n, we write an ≲ bn if there
exists a constant C such that an ≤ Cbn for all n. For m ≥ 2 and numbers a1, a2, . . . , am, we
define a1 ∨a2 ∨· · ·∨am = max{a1, a2, . . . , am} and a1 ∧a2 ∧· · ·∧am = min{a1, a2, . . . , am}.
For functions, ∥ · ∥Lp(D) denotes the Lp-norm on the domain D. When D = [0,1]2,
we also write ∥ · ∥p . For a function A = (a1, a2) : ℝ2 → ℝ

2, we define ∥A∥L∞(D) :=
maxi=1,2 supz∈D |ai(z)| and set ∥A∥∞ := ∥A∥L∞([0,1]2). For B a set, the indicator function is
denoted by 1(x ∈ B). It takes the value 1 if x ∈ B and 0 otherwise. Since we frequently work
with bivariate functions, we write f (·, ·) for a function (x, y) ↦→ f (x, y). In this notation the
dots · represent different variables.

2. Image deformation models. We first discuss a specific case and then introduce the
full image deformation model. For any integers j, ℓ ∈ ℤ, define

Ij,ℓ =
[︃
j − 1

d
,
j

d

)︃
×

[︃
ℓ − 1

d
,
ℓ

d

)︃
,

representing a square with side length 1/d . A d × d image with d2 pixels, as illustrated in
Figure 1(a), can be expressed as a bivariate function f : ℝ2 → [0,∞), where the grayscale
value of the (j, ℓ)th pixel is given by

(1) f j,ℓ = d2
∫︂
Ij,ℓ

f (u, v) dudv, j, ℓ ∈ {1, . . . , d},

representing the average intensity of f on Ij,ℓ. The pixel value decodes the grayscale with
smaller function values corresponding to darker pixels. To deal with image deformations, it
is more convenient to define f on ℝ

2 instead of [0,1]2.
The support of a function g is defined as the set of all x for which the function value g(x)

is nonzero. For a function f representing an image, we refer to f restricted to its support
as the object. The background is defined as the complement of the support, that is, the set

FIG. 1. Cat image represented by pixels and different deformations of a cat image.
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of x with f (x) = 0. Assuming that the images have zero background, all positive pixels are
considered as part of the object itself.

Next, we explore how simple transformations such as scaling, shifting, and brightness
affect the function f and, consequently, the image. Multiplying the function values by a
factor η > 1 brightens the image, making the pixel values appear whiter, while multiplying
by 0 < η < 1 darkens the image. Shifting the object within the image, either horizontally or
vertically, corresponds to translating the function f by a vector (τ, τ ′), changing the function
values to f (x −τ, y −τ ′). Stretching or shrinking the object along the x- or y-axis transforms
the function value to f (ξx, ξ ′y), where ξ < 1 or ξ ′ < 1 stretches the object along the x-
or y-axis and ξ, ξ ′ > 1 shrinks it. Combining these transformations, the function becomes
(x, y) ↦→ ηf (ξx − τ, ξ ′y − τ ′), capturing the effects of brightness adjustment, translation,
and scaling on the image; see Figure 1(b) for an example of a deformed image of a cat under
different scaling, shifting, and brightness adjustments.

To distinguish between images of different object classes, the underlying idea of the data
generating model is to assume that images from different classes correspond to different
template functions f . By drawing the parameters (η, τ, τ ′, ξ, ξ ′) randomly, each observed
image in the dataset is then a random transformation of its corresponding template function.
This means we observe n independently generated pairs, each consisting of a d × d image
and its corresponding class label. In the case of a supervised binary classification problem,
these pairs are denoted by (Xi , ki) ∈ [0,∞)d×d × {0,1}. Here ki ∈ {0,1} is the ith label and
the ith image is represented by a d × d matrix Xi = (X

(i)
j,ℓ)j,ℓ=1,...,d with entries

X
(i)
j,ℓ = d2ηi

∫︂
Ij,ℓ

fki

(︁
ξiu − τi, ξ

′
i v − τ ′

i

)︁
dudv,(2)

where f0, f1 are the two unknown template functions and ηi , ξi , ξ ′
i , τi , τ ′

i are unobserved
independent random variables. Each image consists of d2 pixels. The brightness factor ηi is
assumed to be positive. Throughout the article we assume that the template functions f0, f1

are nonnegative. This implies that all pixel values X
(i)
j,ℓ are also nonnegative.

In summary, model (2) generates images of the two objects using template functions f0,
f1, where the shifts τ , τ ′, scaling factors ξ , ξ ′, and brightness η are all random variables.

To extend model (2), we introduce a more general framework in which the random trans-
formations are deformations A = (a1, a2) :ℝ2 → ℝ

2, belonging to a class of mappings 𝒜. In
this generalized model, the deformed template function is expressed as

f ◦ A(u, v) := f
(︁
A(u, v)

)︁ = f
(︁
a1(u, v), a2(u, v)

)︁
,

with A ∈ 𝒜. Let Ai denote the deformation applied to the ith image in the sample. The image
can then be represented by a d × d matrix Xi = (X

(i)
j,ℓ)j,ℓ=1,...,d with entries

X
(i)
j,ℓ = d2ηi

∫︂
Ij,ℓ

fki
◦ Ai (u, v) dudv.(3)

Since each image can be viewed as an observation of a randomly deformed function, the
proposed framework can be interpreted as a functional data analysis model adapted to im-
age classification. This connection, along with its distinctions, will be further discussed in
Section 6. For more on classification for functional data, see [18, 28, 52, 54, 67].

We now present some examples of specific deformation models. While these examples are
parametric, the framework also allows for nonparametric models; see Section 3.
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Affine transformations. Affine transformations have been widely discussed in the fields of
image processing and computer vision; see, for example, [34, 63]. The deformation is of the
form

(4) A(u, v) =
(︃
b1 b2
b3 b4

)︃(︃
u

v

)︃
−

(︃
τ

τ ′
)︃

,

with real parameters b1, . . . , b4, τ, τ
′. We recover model (2) as a special case by choosing

deformations b1 = ξ , b4 = ξ ′, and b2 = b3 = 0. Moreover, rotated, scaled and translated
images Xi = (X

(i)
j,ℓ)j,ℓ=1,...,d with brightness adjustment can be described by composing a

scaling in x- and y-direction with a rotation by an angle γ ∈ [0,2π), that is, choosing(︃
b1 b2
b3 b4

)︃
=

(︃
ξ cosγ −ξ ′ sinγ

ξ sinγ ξ ′ cosγ

)︃
=

(︃
cosγ − sinγ

sinγ cosγ

)︃(︃
ξ 0
0 ξ ′

)︃
.(5)

Nonlinear deformations. Choosing a1(u, v) = u − τ(u, v) and a2(u, v) = v − τ ′(u, v) for
bivariate Lipschitz-continuous functions τ(u, v) and τ ′(u, v) generates a class of nonlinear
and local deformations [12, 13, 41]. Of particular interest among nonlinear deformations are
wave-like deformations

a1(u, v) = u + α sin(2πv/λ), and a2(u, v) = v,

which are used to model periodic textures, noise patterns, image warping, and spatial distor-
tions such as those caused by lens aberrations [23, 48, 61]. The parameter α describes the
amplitude of the wave-like deformation, and λ ≠ 0 controls the wavelength.

3. Classification via inverse mapping and image alignment. We construct and analyze
classifiers that are specifically tailored to the proposed image deformation models (2) and (3).

3.1. Classification via inverse mapping. Under the general deformation model (3), each
image X = (Xj,ℓ)j,ℓ=1,...,d is generated by

Xj,ℓ = d2η

∫︂
Ij,ℓ

f ◦ A(u, v) dudv,

with f the template function and A the transformation modeling the deformation. Throughout
this section we assume A is invertible.

To define the classifier, we also interpret an image X as a bivariate function on ℝ
2, via

(6) X(u, v) := ∑︂
j,ℓ∈ℤ

Xj,ℓ1
(︁
(u, v) ∈ Ij,ℓ

)︁

for all (u, v) ∈ ℝ
2, and setting Xj,ℓ := 0 if j, ℓ /∈ {1, . . . , d}. This means that X, viewed as a

function, assigns to any point within the pixel its corresponding pixel value. As the random
deformations A ∈ 𝒜 do not contain information about the class label, a classifier should not
depend on these deformations. To achieve this, we consider the set of inverse transformations
𝒜−1 = {A−1 : A ∈ 𝒜}. For computational feasibility, instead of using 𝒜−1 directly, we ap-
proximate it by a discretized subset 𝒜−1

d , which covers 𝒜−1 with balls of radius 1/d on a
given domain D𝒜, meaning that, for any A−1 ∈ 𝒜−1, there exists a transformation B ∈ 𝒜−1

d

such that

(7)
⃦⃦
A−1 − B

⃦⃦
L∞(D𝒜) ≤ 1

d
.

To obtain theoretical guarantees, one needs to choose the domain D𝒜 sufficiently large and
depending on the regularity conditions imposed on the deformation class.
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To construct the classifier, we apply each transformation B ∈ 𝒜−1
d to the input of the

bivariate image function and obtain

(8) X ◦ B(u, v) := X
(︁
B(u, v)

)︁ = ∑︂
j,ℓ∈ℤ

Xj,ℓ1
(︁
B(u, v) ∈ Ij,ℓ

)︁
for all (u, v) ∈ ℝ

2.

Given that any possible deformation A is invertible, there exists an approximate inverse B ∈
𝒜−1

d such that B ≈ A−1. For such a mapping B , X ◦B should generate a nearly deformation-
free representation of the image. To account for the effects of the image brightness factor η,
we normalize the pixel values and obtain

TX◦B := X ◦ B

∥X ◦ B∥L2(ℝ2)

.(9)

Combining these steps, the proposed classifier ˆ︁k assigns a label to the new image X by first
applying all possible transformations from 𝒜−1

d to both, the new image and each training im-
age Xi . It then finds the training image whose transformed version TXi◦Bi

is in Euclidean
distance the closest fit to the transformed version TX◦B of the new image. The label of this
closest matching training image is assigned to the new image. This defines the inverse map-
ping classifier ˆ︁k := k

î
withˆ︁i ∈ arg min

i∈{1,...,n}
min

Bi,B∈𝒜−1
d

∥TXi◦Bi
− TX◦B∥L2(ℝ2).(10)

It can be interpreted as a one-nearest neighbor estimator in a transformed space.
We now state the assumptions for the statistical analysis. To make the theory tractable, we

impose a Lipschitz condition on the template function.

ASSUMPTION 1. The supports of the two template functions f0, f1 are contained in a
rectangle [βleft, βright]× [βdown, βup] ⊆ [0,1]2. Additionally, f0, f1 are Lipschitz continuous,
in the sense that there exists a positive constant CL such that, for any real numbers u, v, u′,
v′, ⃓⃓

fk(u, v) − fk

(︁
u′, v′)︁⃓⃓ ≤ CL∥fk∥1

(︁⃓⃓
u − u′ ⃓⃓ + ⃓⃓

v − v′ ⃓⃓)︁, k = 0,1.(11)

We also impose conditions to prevent the deformation from moving (part of) the object
outside the image. Assumption 1 ensures that the support of f is contained in [βleft, βright] ×
[βdown, βup] ⊆ [0,1]2. The deformed object remains fully visible, if the support of the de-
formed function f ◦ A also lies in [0,1]2. This is the case if [βleft, βright] × [βdown, βup] ⊆
A([0,1]2).

ASSUMPTION 2. (i). The class 𝒜 contains the identity. For any A = (a1, a2) ∈ 𝒜,
[βleft, βright] × [βdown, βup] ⊆ A([0,1]2), and the functions a1, a2 have continuous par-
tial derivatives on ℝ

2, bounded in the supremum norm by a constant C𝒜. (ii). Assume
C2
𝒥 := infA∈𝒜 inf(u,v)∈ℝ2 |det(JA(u, v))| > 0 with JA the Jacobian matrix of A.

To ensure correct classification, we also need to guarantee that two images from differ-
ent object classes cannot be represented as transformations of the template function corre-
sponding to the opposite class, as otherwise, distinguishing between the two classes becomes
impossible.

To formalize this separation between the two object classes with template function f0, f1,
we introduce the separation quantity D := D(f0, f1) ∨ D(f1, f0) with

D(f,g) :=
infa∈ℝ,{Ai}4

i=1⊆𝒜 ∥af ◦ A1 ◦ A−1
2 − g ◦ A3 ◦ A−1

4 ∥L2(ℝ2)

∥g∥L2(ℝ2)

.(12)
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The quantity D(f,g) measures the normalized minimal L2-distance between all possible
deformations of g and f under transformations from 𝒜 ◦ 𝒜−1. When 𝒜 forms a group,
this expression simplifies to D(f,g) = infa∈ℝ,A,A′∈𝒜 ∥af ◦ A − g ◦ A′∥L2(ℝ2)/∥g∥L2(ℝ2),
measuring the normalized minimal L2-distance between all possible deformations of g and
f under transformations from 𝒜.

THEOREM 3.1. Let (X, k), (X1, k1), . . . , (Xn, kn) be defined as in (3). Suppose that the
labels 0 and 1 occur at least once in the training data, that is, {i : ki = 0} ≠ ∅ and {i : ki =
1} ≠ ∅. Assume moreover that f0 and f1 satisfy Assumption 1 with Lipschitz constant CL

and that Assumption 2 holds with constants C𝒜, C𝒥 . If D𝒜 = [−2C𝒜 − 1,2C𝒜 + 1]2 in (7)
and

D > C(CL,C𝒜,C𝒥 )/d,(13)

where D is as defined in (12), and C(CL,C𝒜,C𝒥 ) is a sufficiently large constant only de-
pending on CL, C𝒜, C𝒥 , then the classifier ˆ︁k defined in (10) will recover the correct label,
that is,

ˆ︁k = k.

The proof of Theorem 3.1 is deferred to Section A.1 of the Supplementary Material [14].
The result shows that classifier (10) guarantees perfect classification of any given image if
the separation quantity satisfies D > C/d for a sufficiently large constant C, and the dataset
contains at least one image from each class. As d → ∞, C/d → 0 and the condition D >

C/d typically holds for all sufficiently large d . This aligns with the intuition that a minimal
image resolution is necessary for classification. The following result provides a simple tool
to check condition (13) if 𝒜 is a group (see also Figure 2). The proof is given in Section A.1
of the Supplementary Material [14].

LEMMA 3.2. Let f0, f1 be two template functions, and let the deformation set 𝒜 be a
group satisfying Assumption 2(i), with constant C𝒜. Then condition (13) is satisfied, when-
ever

d >
√

2C(CL,C𝒜,C𝒥 )C𝒜 sup
A∈𝒜

∥f1∥L2(ℝ2)

∥f1∥L2((supp(f0◦A))c)

.

Separation under distance D is different from the Euclidean distance-based criterion that is
typically employed in the 1-nearest neighbor method. The Euclidean distance is significantly

FIG. 2. Illustration of why the separation distance can be bounded from below, as in Lemma 3.2, if deformations
of the template functions cannot map the support on each other.
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more rigid than the proposed distance metric D, making it inherently less suitable for clas-
sification in deformation-sensitive contexts. If, for example, the deformation set 𝒜 includes
random shifts, then two shifted functions fi ◦A and fi ◦A′ based on the same template func-
tion fi will have a small D-distance, but their Euclidean distance may be large if A and A′
shift in different directions.

The classifier can account for a wide range of image deformations, but discretization of
the entire set of inverse mappings can be computationally demanding. Therefore, we consider
this classifier more as a theoretical benchmark for the general image deformation model
(3) rather than an effective method for practical applications. When dealing with specific
deformation models, the computational demands can be significantly reduced. For instance, if
the deformation class 𝒜 is a group, then 𝒜−1 =𝒜, and we can instead consider the classifier

ˆ︁k := k
î

withˆ︁i ∈ arg min
i∈{1,...,n}

min
A∈𝒜d

∥TXi
− TX◦A∥L2(ℝ2),(14)

where 𝒜d denotes a 1/d-covering of 𝒜.
This classifier resembles traditional registration techniques in medical imaging and com-

puter vision. Given a (moving) source image S and a target image T, the goal of image
registration is to find a map ϕ :ℝ2 → ℝ

2 such that S ◦ϕ(x) ≈ T(x) [15, 58]. This is typically
formulated as an optimization problem

(15) ˆ︁ϕ = arg min
ϕ

L(S ◦ ϕ,T) + R(ϕ),

where L is a loss function measuring similarity and R(·) is a regularizer. The regularizer can
be omitted for low-dimensional transformation models, such as rigid or affine transformations
[70].

In Theorem 3.8 we show that if the set 𝒜 is sufficiently rich, the considered separation cri-
terion D ≳ 1/d , as defined in (12), is optimal. This means that any smaller bound could result
in deformed versions of one template function being representable by a template function of
the opposite class, thereby making it impossible to distinguish between the two classes; see
Figure 3 for an illustration of two deformed MNIST images with labels 7 and 1 that can be
transformed into each other by a rotation, making classification ambiguous.

We now verify the imposed assumptions for the specific deformation models introduced in
Section 2, with proofs of the following lemmas provided in Section A.1 of the Supplementary
Material [14]. Let y+ := max{y,0}.

LEMMA 3.3. Let [βleft, βright] × [βdown, βup] = [1/4,3/4] × [1/4,3/4]. The class of de-
formations in (2) with 1/2 ≤ |ξ |, |ξ ′| ≤ C𝒜, |τ |, |τ ′| ≤ ℓs ,

−(−ξ)+ − 1

4
≤ τ ≤ ξ+ − 3

4
and − (︁−ξ ′)︁

+ − 1

4
≤ τ ′ ≤ ξ ′+ − 3

4
,(16)

satisfies Assumption 2 with constants C𝒜 and C𝒥 = 1/2. Moreover, there exists a 1/d-
covering of 𝒜−1 with cardinality |𝒜−1

d | ≍ d4.

FIG. 3. Deformed MNIST images of the digits 7 and 1.
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LEMMA 3.4. The deformation model described in (4) and (5) is

A(u, v) =
(︃

cosγ − sinγ

sinγ cosγ

)︃(︃
ξ 0
0 ξ ′

)︃(︃
u

v

)︃
−

(︃
τ

τ ′
)︃

.

Let [βleft, βright] × [βdown, βup] = [1/4,3/4] × [1/4,3/4]. The class of deformations with
1/2 ≤ |ξ |, |ξ ′| ≤ C𝒜, |τ |, |τ ′| ≤ ℓs , γ ∈ [0, π/2), and

−(−ξ)+ − 1

4
(cosγ + sinγ ) ≤ τ cosγ + τ ′ sinγ ≤ ξ+ − 3

4
(cosγ + sinγ ),

−(︁−ξ ′)︁
+ − 1

4
cosγ + 3

4
sinγ ≤ τ ′ cosγ − τ sinγ ≤ ξ ′+ − 3

4
cosγ + 1

4
sinγ,

satisfies Assumption 2 with constants C𝒜, C𝒥 = 1/2 and there exists a 1/d-covering of 𝒜−1

with |𝒜−1
d | ≍ d5.

Consider the nonlinear deformations A = (a1, a2) ∈ 𝒜,

(17) a1(u, v) = h1(u, v) and a2(u, v) = h2(v),

where h2(v) is strictly monotone with respect to v, and for any fixed v ∈ ℝ, h1(u, v) is
strictly monotone with respect to u. In this case the transformation is invertible because one
can always retrieve v from h2(v) and then u from h1(u, v). A specific example is the wave-
like deformation model discussed in Section 2. The following describes the construction of
𝒜−1

d .

LEMMA 3.5. Let [βleft, βright] × [βdown, βup] = [1/4,3/4] × [1/4,3/4]. For the class of
deformations

A(u, v) = (︁
a1(u, v), a2(u, v)

)︁ = (︁
u + α sin(2πv/λ), v

)︁
,

with |λ| ≥ Clower > 0, and |α| ≤ 1/4, Assumption 2 holds with C𝒜 = max{π/(2Clower),1}
and C𝒥 = 1. Moreover, there exists a 1/d-covering 𝒜−1

d of 𝒜−1 with cardinality |𝒜−1
d | ≍ d2.

For the general nonlinear model (17), the set 𝒜−1
d can be constructed analogously to

Lemma 3.5. Specifically, if a1 ∈ ℱ1, a2 ∈ ℱ2, with ℱ δ
1 ⊆ ℱ1 and ℱ δ

2 ⊆ ℱ2 denoting δ-
coverings with respect to the sup-norm, then

𝒜δ := {︁
(a1, a2) : a1 ∈ ℱ δ

1 , a2 ∈ ℱ δ
2
}︁

forms a δ-covering of 𝒜 = {(a1, a2) : a1 ∈ ℱ1, a2 ∈ ℱ2}. If for all A = (a1, a2) ∈ 𝒜, we have
|∂ua1(u, v)|, |∂va2(u, v)| ≥ 𝒦 > 0, then 𝒜−1 admits a δ′ = δ/𝒦-covering formed by inverting
the elements of 𝒜δ .

The next lemma considers compositions of deformation classes, with the proof provided
in Section A.1 of the Supplementary Material [14]. This allows to verify Assumption 2 for
more involved deformation classes.

LEMMA 3.6. Let 𝒜1 and 𝒜2 satisfy Assumption 2 with respective constants C𝒜1 , C𝒥1

and C𝒜2 , C𝒥2 . If for any A1 ∈ 𝒜1, [0,1]2 ⊆ A1([0,1]2), then the composite deformation
class 𝒜2 ◦𝒜1 := {A2 ◦ A1 : A1 ∈ 𝒜1,A2 ∈ 𝒜2} satisfies Assumption 2 with constants C𝒜 =
2C𝒜1C𝒜2 and C𝒥 = C𝒥1C𝒥2 .
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FIG. 4. X, ZX, and TX.

3.2. Classification via image alignment. We now focus on the specific image deforma-
tion model (2) that incorporates random scaling, shifts, and brightness adjustment. An image
X = (Xj,ℓ)j,ℓ=1,...,d is then generated by

Xj,ℓ = d2η

∫︂
Ij,ℓ

f
(︁
ξu − τ, ξ ′v − τ ′)︁dudv,(18)

with (η, ξ , ξ ′, τ , τ ′) the random deformation parameters. In this setting, one can find a
transformation that aligns the images, in the sense that the transformed images are nearly
independent of the deformation parameters. We propose a one-nearest-neighbor classifier
based on the aligned training and test images. This approach is similar to curve registration
in functional data analysis; see, for instance, [43]. The classifier can be efficiently computed
but relies on this specific deformation model.

The first step of the construction is to approximately detect the object within the image
by identifying the smallest axis-aligned rectangle that contains all nonzero pixel values; see
the left image in Figure 4 for an illustration. We refer to this as the rectangular support. To
determine the rectangular support, we denote the smallest and largest indices corresponding
to the nonzero pixels in the image by

j− := arg min{j : Xj,ℓ > 0}, j+ := arg max{j : Xj,ℓ > 0}(19)

and

ℓ− := arg min{ℓ : Xj,ℓ > 0}, ℓ+ := arg max{ℓ : Xj,ℓ > 0}.(20)

The rectangular support of the image is then given by the rectangle [j−/d, j+/d] ×
[ℓ−/d, ℓ+/d]. Similarly, we define the rectangular support of a function as the smallest rect-
angle containing the support. From the definition of the model (2), it follows that the rect-
angular support of the image X should be close to the rectangular support of the underlying
deformed function f (ξ · −τ, ξ ′ · −τ ′).

We now rescale the rectangular support of the image to the unit square [0,1]2. The line
[0,1] ∋ t ↦→ j− + t (j+ − j−) starts at j− and ends for t = 1 at j+. We define the rescaled
pixel values as

ZX
(︁
t, t ′

)︁ := X⌊j−+t (j+−j−)⌋,⌊ℓ−+t ′(ℓ+−ℓ−)⌋,(21)

with ⌊·⌋ the floor function. The function (t, t ′) ↦→ ZX(t, t ′) runs through the pixel values
on the rectangular support, now rescaled to the unit square [0,1]2; see the middle image of
Figure 4 for an illustration. This rescaling makes ZX(t, t ′) approximately invariant to random
shifts and scalings of the image, up to smaller-order effects.

To find a quantity that is independent of the brightness adjustment η, we normalize the
pixel values by ZX/∥ZX∥2. The image alignment transformation is then given by

TX := ZX

∥ZX∥2
;(22)
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see again Figure 4 for an illustration. Based on these aligned and normalized images, we
study a one-nearest-neighbor classifier ˆ︁k that assigns the label of Xi from the training set to
X, where TXi

is the closest to TX. The image alignment classifier is defined as

ˆ︁k := k
î

withˆ︁i ∈ arg min
i∈{1,...,n}

∥TX − TXi
∥2.(23)

This is an interpolating classifier, in the sense that if the new X coincides with one of the
images in the training set Xi , then TX = TXi

,ˆ︁i = i, and ˆ︁k = ki .
To study this model, we assume that ξ, ξ ′ ≥ 1/2. Applying Lemma 3.3 leads to the fol-

lowing assumption on the parameters to ensure full visibility of the objects on the deformed
images.

ASSUMPTION 2’. The supports of the two template functions f0, f1 are contained in
[1/4,3/4]2, and the random parameters (τ, τ ′, ξ, ξ ′) satisfy ξ, ξ ′ ≥ 1/2,

−1

4
≤ τ ≤ ξ − 3

4
, and − 1

4
≤ τ ′ ≤ ξ ′ − 3

4
.

Assumption 2’ indicates that the range of possible shifts τ , τ ′ increases as ξ , ξ ′ become
larger. This is reasonable, as larger values of ξ , ξ ′ shrink the object. Consequently, larger
shifts τ , τ ′ can be applied without moving parts of the object out of the image.

Under the deformation model (2), we have f ◦ A(u, v) = f (ξu − τ, ξ ′v − τ ′). Based on
this, we consider the separation quantity D = D(f0, f1) ∨ D(f1, f0) with

D(f,g) := infa,b,c,b′,c′∈ℝ ∥af (b · −c, b′ · −c′) − g∥L2(ℝ2)

∥g∥L2(ℝ2)

.(24)

It measures the normalized minimal L2-distance between the function g and any potential
deformation of the function f due to rescaling, shifting, and change in brightness.

THEOREM 3.7. Let (X, k), (X1, k1), . . . , (Xn, kn) be defined as in (2). Suppose that the
labels 0 and 1 occur at least once in the training data, that is, {i : ki = 0} ≠ ∅ and {i : ki =
1} ≠ ∅. Assume moreover that f0 and f1 satisfy Assumption 1 with Lipschitz constant CL

and that Assumption 2’ holds. Set Ξn := max{1, ξ, ξ ′, ξ1, ξ
′
1, . . . , ξn, ξ

′
n}. If D > 4K(CL ∨

C2
L)Ξ2

n/d , with D as defined in (24), and K the universal constant in Lemma A.9, then the
classifier ˆ︁k as defined in (23) will recover the correct label, that is,

ˆ︁k = k.

The proof of Theorem 3.7 is postponed to Section A.2 of the Supplementary Material
[14]. The result indicates that, under proper conditions, the classifier accurately identifies
the label when the template functions f0 and f1 are separated by ≳ 1/d in L2-norm, con-
sistently across all conceivable image deformations. This finding aligns with the theoretical
performance outlined in Theorem 3.1 for the general classification approach. The advantage
of implementing the image alignment approach is that it eliminates the need to discretize the
set of inverse mappings, thereby substantially improving computational efficiency.

We further prove a corresponding lower bound, showing that a 1/d-rate in the separa-
tion criterion is necessary. Without this condition, the same image could be represented by
deformations of both template functions, making classification impossible.
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THEOREM 3.8. For any τ , τ ′, ξ , ξ ′ satisfying Assumption 2’, there exist nonnegative
Lipschitz continuous functions f0, f1 with Lipschitz constants Cf0 and Cf1 = Cf1(ξ, ξ ′),
respectively, such that, for any d ≥ 32(ξ ∨ ξ ′),

∥f1 − f0∥L2(ℝ2)

∥f0∥L2(ℝ2)

≥ 1

28d
,

and the data generating model (18) can be written as

Xj,ℓ = d2η

∫︂
Ij,ℓ

f1
(︁
ξu − τ, ξ ′v − τ ′)︁dudv = d2η

∫︂
Ij,ℓ

f0
(︁
ξu − τ, ξ ′v − τ ′)︁dudv.

Consequently, the same pixel values are generated under both classes.

The proof of Theorem 3.8 is deferred to Section A.2 of the Supplementary Material [14],
which shows that the separation rate 1/d arises from the Lipschitz continuity of f0 and f1.
If, instead, we assume Hölder regularity with index β ≤ 1, we expect the lower bound to be
of order d−β , which we also conjecture to be the optimal separation rate in this case.

Since the deformation model (2) is a specific case of the general model (3), the lower bound
derived in Theorem 3.8 also applies to the general deformation model (3). This indicates that
the rate 1/d is indeed necessary to distinguish between the two classes.

In the presence of background noise, finding the rectangular support of the object is hard,
as nonzero pixel values in the image may belong to the background. As an alternative, one
could instead rely on t-level sets {x : g(x) > t} and define the t-rectangular support as the
smallest rectangular containing the t-level set. For nonnegative g, the previously introduced
rectangular support corresponds to t = 0. To construct a classifier, we can first normalize
the pixel values to eliminate the brightness factor η, then follow a similar strategy as in the
zero-background case by determining the t-rectangular support for each image in the dataset.
While increasing t enhances robustness to background noise, it also reduces the t-rectangular
support and causes larger constants in the separation condition between the two classes.

If an image contains multiple nonoverlapping objects, we suggest to first apply an im-
age segmentation method (see, e.g., [26, 45]) to isolate each object. The image alignment
classifier can then be applied to each segment separately.

The analysis of both classifiers generalizes to the multiclass case with K classes, provided
that the label of each class appears at least once in the training data, and the separation quan-
tity between each pair of class templates, defined as Di,j := D(fi, fj ) ∨ D(fj , fi), satisfies
Di,j ≳ 1/d for all i, j = 1, . . . ,K with i ≠ j . Under the conditions outlined above and As-
sumptions 1 (adapted to the multiclass setting) and 2, the classifier will correctly recover the
class labels.

The image alignment step in the construction of the classifier leads to a representation
of the image that is, up to discretization effects, independent to rescaling and shifting of
the object; see Figure 4. While the proposed image alignment transformation is natural and
mathematically tractable for this specific deformation model, other transformations could
be employed instead, such as Fourier transform, Radon transform, and scattering transform
[12, 13, 41].

4. Classification with convolutional neural networks. Convolutional neural networks
(CNNs) have achieved remarkable practical success, particularly in the context of image
recognition [35, 36, 53, 55]. In this section we analyze the performance of CNN-based clas-
sifiers within the framework of the general deformation model (3), introduced in Section 2.
We begin by introducing the mathematical notation to formalize the structure of a CNN. Here
we focus on a particular CNN structure and refer to [53, 68] for a broader introduction.



1578 J. CHEN, S. LANGER AND J. SCHMIDT-HIEBER

4.1. Convolutional neural networks. We analyse a CNN with a rectified linear unit
(ReLU) activation function and a softmax output layer. Generally, a CNN consists of three
fundamental components: Convolutional, pooling, and fully connected layers. The input to a
CNN is a d × d matrix representing the pixel values of an image. In the convolutional layer,
so-called filters (i.e., weight matrices of predefined size) slide across the image, performing
convolutions at each spatial location. Finally, an elementwise nonlinear activation function
σ : ℝ → ℝ, in our case the ReLU function, is applied to the outcome of the convolutions,
producing the output matrices known as feature maps.

In this work we consider CNNs with a single convolutional layer followed by one pooling
layer. For mathematical simplicity, we introduce a compact notation tailored to our setting and
refer to [32, 33] for a general mathematical definition. Recall that the input to the network is
an image represented by a d × d matrix X. For a d × d matrix W, we define its quadratic
support [W] as the smallest square submatrix of W that contains all its nonzero entries. For
instance,

[W] =
(︃

1 1
0 0

)︃

is the quadratic support of the matrix

W =
⎛
⎝0 1 1

0 0 0
0 0 0

⎞
⎠ .

In this context, [W] represents the network filter. To describe the action of the filter on the
image, denoted as [W] ⋆ X, assume that [W] is a filter of size ℓ ∈ {1, . . . , d}. We extend the
matrix X by padding it with zero matrices on all sides. Specifically, we define the enlarged
matrix as

X′ :=
⎡
⎣0ℓ×ℓ 0ℓ×d 0ℓ×ℓ

0d×ℓ X 0d×ℓ

0ℓ×ℓ 0ℓ×d 0ℓ×ℓ

⎤
⎦ ,

where 0j×k denotes a j × k zero matrix. The (i, j)th patch is defined as the ℓ × ℓ submatrix
X′

i,j := (X′
i+a,j+b)a,b=0,...,ℓ−1. We further define ([W] ⋆ X)i,j as the entrywise sum of the

Hadamard product of [W] and X′
i,j . Thus, the matrix [W] ⋆ X contains all entrywise sums of

the Hadamard product of [W] with all patches. Finally the ReLU activation function σ(x) =
max{x,0} is applied elementwise. A feature map can then be expressed as

σ
(︁[W] ⋆ X

)︁
.

This extension of the matrix X to X′ is a form of zero padding, which ensures that the in-
plane dimension of the input remains equal after convolution [27]. A pooling layer is typically
applied to the feature map. While max-pooling extracts the maximum value from each patch
of the feature map, average-pooling computes the average over each patch. In this work we
consider CNNs with global max-pooling in the sense that the max-pooling extracts from
every feature map σ([W] ⋆ X) the largest absolute value. The feature map after global max-
pooling is then given by

O(X) = ⃓⃓
σ

(︁[W] ⋆ X
)︁⃓⃓

∞.

For k filters described by the matrices W1, . . . ,Wk , we obtain the k values

Os(X) = ⃓⃓
σ

(︁[Ws] ⋆ X
)︁⃓⃓

∞, s = 1, . . . , k.(25)

For α ∈ (0,1), define 𝒦(i) := {⌊d1−α + 1⌋(i − 1) + 1, . . . , (⌊d1−α + 1⌋i) ∧ d}. We say
that a d × d filter matrix W = (Wj,ℓ)j,ℓ=1,...,d has an (α, d)-block structure if Wj,ℓ = Wj ′,ℓ′
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whenever j, j ′ ∈ 𝒦(i) and ℓ, ℓ′ ∈ 𝒦(i ′). By convention, any d × d matrix W is said to have
a (1, d)-block structure. An illustration of the (α, d)-block structure is shown in Figure 3 of
the Supplementary Material [14]. For 0 < α ≤ 1, we denote by

(26) ℱC(α, k)

the class of all CNN layers computing k outputs of the form (25), where each filter matrix
Ws has an (α, d)-block structure and all parameters take values in the interval [−1,1]. The
output of the last convolutional layer is flattened, this means, it is transformed into a vector
before several fully connected layers with ReLU activation function are applied.

For any vector v = (v1, . . . , vr)
⊤, y = (y1, . . . , yr)

⊤ ∈ ℝ
r , we define σvy = (σ (y1 −

v1), . . . , σ (yr − vr))
⊤. In the context of binary classification, the last layer of the network

should extract a two-dimensional probability vector. To achieve this, the softmax function

Φ(x1, x2) =
(︃

ex1

ex1 + ex2
,

ex2

ex1 + ex2

)︃
(27)

is typically applied. A feedforward neural network with L fully connected hidden layers and
width vector m = (m0, . . . ,mL+1) ∈ ℕ

L+2, where mi denotes the number of hidden neurons
in the ith hidden layer, can then be described by a function f :ℝm0 → ℝ

mL+1 with

x ↦→ f (x) = ψσvL+1WLσvL
WL−1σvL−1 · · ·W1σv1W0x,

where Wj is a mj × mj+1 weight matrix, vj is the bias vector in layer j , and ψ is either
the identity function ψ = id or the softmax function ψ = Φ. We consider the class of fully
connected neural networks in which all entries of the weight matrices and bias vectors are
bounded in absolute value by 1 and denote this class by

(28) ℱψ(L,m).

We will construct CNN classifiers based on a CNN architecture of the form

𝒢(α,m) := {︁
f ◦ g : f ∈ℱΦ

(︁
1 + 2⌈log2 m⌉,

(2m,4m, . . . ,4m,2)
)︁
, g ∈ ℱC(α,2m)

}︁
,

(29)

with m a positive integer and 0 < α ≤ 1. Given that we only consider one convolutional
and one pooling layer, the number of feature maps equals the input dimension of the fully
connected subnetwork.

As the filters are applied to all patches of the image, CNNs are translation-invariant, mean-
ing that up to boundary and discretization effects, the CNN classifier does not depend on the
values of the shifting parameters τ and τ ′ in the deformation model. For instance, if a cat
in an image is moved from the upper-left corner to the lower-right corner, the convolutional
filter will produce, up to discretization effects, the same feature values at potentially differ-
ent locations within the feature map; see Figure 5 for an illustration. A shift of the image
pixels causes, therefore, a permutation of the values in the feature map. Since the global
max-pooling layer is invariant to permutations, the CNN output is thus invariant under trans-
lations.

More challenging for CNNs are varying object sizes and rotation angles. [22, 51, 65] ar-
gue that scale-invariance is undesirable in image classification, as classifiers can benefit from
scale information of the object and that architectures can assign different filters to capture
different scales. Similarly, [42] employs separate filters for different rotation angles, thereby
achieving rotation invariance for texture classification. Data augmentation enhances the learn-
ing of CNNs in the presence of rotation and scale deformations at the expense of additional
computational cost. Before training, data augmentation applies simple deformations, such
as rotations and different scaling to the training images, and learns a CNN on the augmented
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FIG. 5. Shift invariance of CNNs.

dataset consisting of the original and the transformed training samples (see, e.g., [56]). Group
equivariant convolutional networks [16] extend CNNs to handle invariances induced by arbi-
trary groups. An essential part of the derived theory in the next section shows that, for rich
classes of deformations, CNNs are expressive enough to separate deformed images.

4.2. Misclassification bounds for CNN-based classifiers. We suppose that the training
data consists of n i.i.d. data points, generated as follows: For π ∈ [0,1] and each i, we draw
a label ki ∈ {0,1} from the Bernoulli distribution with success probability π . Let Q𝒜 be a
distribution over the deformation class 𝒜, and let Qη be a distribution on (0,∞) for the
random brightness factor. Here we assume that η and A are independent. The ith sample is
(Xi , ki), where Xi is an independent draw from the general model (3) with template function
fki

, deformation Ai ∈ 𝒜 generated from Q𝒜, and brightness factor ηi generated from Qη.
The full dataset is denoted by

𝒟n = (︁
(X1, k1), . . . , (Xn, kn)

)︁
.(30)

In expectation, the dataset consists of n(1 − π) samples from class 0 and nπ samples from
class 1.

The parameters of a CNN are then fitted to the normalized images

Xi = (︁
X

(i)

j,ℓ

)︁
j,ℓ=1,...,d with X

(i)

j,ℓ := X
(i)
j,ℓ√︂∑︁d

j,ℓ=1(X
(i)
j,ℓ)

2
.(31)

This normalization can be viewed as preprocessing step. It ensures that the images are invari-
ant to variations of the brightness η and all pixel values lie between 0 and 1.

We fit a CNN by minimizing the empirical error under the 0–1 loss and the cross-entropy
loss. As the most natural choice, empirical risk minimization based on the 0–1 loss has been
extensively studied in classification theory within the standard statistical learning framework
[4, 10, 66], but optimization with respect to the 0–1 loss is considered to be computationally
intractable due to the loss function’s nonconvexity and discontinuity. The cross-entropy loss
serves as a tractable surrogate for the 0–1 loss and is widely adopted in practice due to its
favorable optimization properties [8, 72].

For the 0–1 loss, the empirical risk minimizer over the CNN class (29) is defined as

ˆ︁p = (ˆ︁p1, ˆ︁p2) ∈ arg min
q=(q1,q2)∈𝒢(α,m)

1

n

n∑︂
i=1

1

(︃
1

(︃
q2(Xi ) >

1

2

)︃
≠ ki

)︃
,(32)
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with 1(ˆ︁p2(Xi ) > 1/2) the predicted label of the ith sample based on the network ˆ︁p =
(ˆ︁p1, ˆ︁p2) ∈ 𝒢(α,m). The learned network ˆ︁p outputs estimates for the two conditional class
probabilities p1(x) = P(k = 0|X = x) and p2(x) = P(k = 1|X = x). These probabilities sum
to one and optimizing over q2 suffices.

For a new test image X that has been normalized according to (31), the classifier ˆ︁k(X) :=
1(ˆ︁p2(X) > 1/2) assigns the label 1 if the estimated probability belonging to class 1 exceeds
1/2 and assigns class label 0 otherwise.

For the theory, we consider the general deformation model (3) and impose the following
assumption.

ASSUMPTION 3 (Covering of deformation class). For any α ∈ (0,1], the deformation
class 𝒜 contains a finite subset 𝒜dα such that, for any A ∈ 𝒜, there exists an A′ ∈ 𝒜dα and
indices j, ℓ ∈ {1, . . . , d} such that A′(· + j/d, · + ℓ/d) satisfies Assumption 2(i) and⃦⃦⃦

⃦A′
(︃
· + j

d
, · + ℓ

d

)︃
− A

⃦⃦⃦
⃦∞

≤ d−α.

Similarly to the derivation of 𝒜−1
d in Section 3, the subset 𝒜dα can be obtained through

suitable discretization of the deformation class 𝒜. The cardinality of the discretized class 𝒜dα

is typically of the order dαr with r the number of free parameters that are not related to the
shifts. For instance, two out of the four parameters in the deformation model (2) control the
shift such that |𝒜dα | ≍ d2α . Adding one parameter controlling the rotation, as in (4) and (5),
yields |𝒜dα | ≍ d3α .

For the CNN-based method under the deformation model (3), we consider the separation
quantity D = D(f0, f1) ∨ D(f1, f0) with

D(f,g) := infa,s,s′∈ℝ,A,A′∈𝒜 ∥af ◦ A(· + s, · + s′) − g ◦ A′∥L2(ℝ2)

∥g∥L2(ℝ2)

.(33)

It measures the normalized minimal L2-distance between any deformed versions of f and g

(up to spatial shifts) under transformations from the class 𝒜.
The next result states the misclassification bound for the CNN-based classifier with 0–1

loss.

THEOREM 4.1. Consider the general deformation model (3) and suppose Assumptions 1,
2(i), and 3 hold. Let ˆ︁p be the estimator in (32), based on the CNN class 𝒢(α, |𝒜dα |) defined in
(29), with |𝒜dα | ≥ 2. Suppose a new data point (X, k) is independently drawn from the data
distribution (30). If the separation quantity in (33) satisfies D ≥ √

κ/dα , where α ∈ (0,1] and
κ is a constant depending only on CL and C𝒜, then for the classifier ˆ︁k(X) = 1(ˆ︁p2(X) > 1/2),
there exists a universal constant C > 0 such that

P
(︁ˆ︁k(X) ≠ k

)︁ ≤ C
|𝒜dα |(d2α + |𝒜dα |)

n
log3(︁

d|𝒜dα |
)︁

logn,(34)

where P denotes the distribution over all randomness in the data and the new sample X.

The proof is postponed to Section B of the Supplementary Material [14]. For fixed α, since
the cardinality |𝒜dα | depends on d , the upper bound (34) grows in the image resolution d . At
first glance, this might seem counterintuitive, as a high-image resolution typically provides
more information about the object and should lead to improved misclassification bounds.
However, as d increases, the template functions can become closer in their separation distance
(33), making the two objects more similar and thus harder to separate.
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The CNN employs 2|𝒜dα | filters and contains ≲ (d2α|𝒜dα | + |𝒜dα |2) log(|𝒜dα |) param-
eters (see Lemma B.11). Up to logarithmic factors, (34) means that we obtain a consistent
classifier if the sample size is of larger order than the number of network parameters. More
generally, Theorem 4.1 implies that, for sufficiently large sample sizes, the misclassification
error of the proposed CNN-based classifier can become arbitrary small. Compared to the im-
age classifiers discussed in Section 3, the CNN-based classifier only requires knowledge of
the deformation class for the choice of the architecture. Additionally, for Theorem 4.1 and
all subsequent results in this section, Assumption 2(i) on the deformation set 𝒜 (necessary in
Section 3) can be relaxed to Lipschitz continuity. This indicates that the CNN-based approach
does not require invertible deformations. To guarantee that a sufficient amount of “informa-
tion” is still preserved under the deformations, one instead needs to assume the existence of
a universal constant c𝒜 > 0 such that, for any A ∈ 𝒜, ∥fi∥1 ≤ c𝒜∥fi ◦ A∥1 with i ∈ {0,1}.

That the CNN misclassification error can become arbitrarily small is in line with the nearly
perfect classification results of deep learning for a number of image classification tasks in
practice. Interestingly, most of the previous statistical analysis for neural networks consid-
ers settings with asymptotically nonvanishing prediction error. Those are statistical models
where every new image contains randomness that is independent of the training data and can,
therefore, not be predicted by the classifier. To illustrate this, consider the nonparametric re-
gression model Yi = f (Xi) + σεi , i = 1, . . . , n with fixed noise variance σ 2. The squared
prediction error of the predictor ˆ︁Y = ˆ︁fn(X) for Y is E(ˆ︁Y −Y)2 = σ 2 + E[( ˆ︁fn(X)− f (X))2].
This implies that, even if we can perfectly learn the function f from the data, the prediction
error is still at least σ 2. Taking a highly suboptimal but consistent estimator ˆ︁fn for f yields
a prediction error σ 2 + o(1), thereby achieving the lower bound σ 2 up to a vanishing term.
For instance, the one-nearest neighbor classifier does not employ any smoothing and results
in suboptimal rates for conditional class probabilities but is optimal for the misclassifica-
tion error up to a factor of 2, [17]. This shows that optimal estimation of f only affects the
second-order term of the prediction error. As classification and regression are closely related,
the same phenomenon also occurs in classification, whenever the conditional class probabil-
ities lie strictly between 0 and 1. The only possibility to achieve small misclassification error
requires that the conditional class probabilities are consistently close to either zero or one.
This means that the covariates X contain (nearly) all information about the label k, [9]. The
main source of randomness lies then in the sampling of the covariates X. An example are
the random deformations considered in this work that only affect the covariates but not the
labels. This highlights the main difference from the existing standard classification settings.

Theorem 4.1 differs from the generalization bounds in [39] and related works, such as
[7, 49], which focus on generalization performance of nonlearned functions (this means the
functions are not allowed to depend on the data), a distinct perspective that can be traced
back to [6]. For example, as can be seen in Theorem 2.1 of [39], their bound involves the
term

∑︁n
i=1 ℓ(f (Xi), ki), with ℓ the loss function used. Since f does not depend on the data,

this term cannot be further specified, and consequently, no statistical convergence rates for
estimators can be deduced. In contrast, the derived misclassification error P(ˆ︁k(X) ≠ k) ac-
counts for all sources of randomness, including both the training data and the test sample.
Furthermore, the derivation of ˆ︁k links the generalization analysis to approximation theory,
enabling us to explicitly construct a suitable CNN model and thus avoid any implicit terms
in the bound.

To prove Theorem 4.1, one can decompose the misclassification error into an approxima-
tion error and a stochastic error term (see Lemma B.10). The stochastic error can be bounded
via statistical learning tools such as the Vapnik–Chervonenkis (VC) dimension of the CNN
class 𝒢(α, |𝒜dα |); see Lemma B.11. The approximation error vanishes as CNNs from the
class 𝒢(α, |𝒜dα |) with suitably chosen parameters can achieve perfect classification. This
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result is stated in the following theorem and is proved in Section B of the Supplementary
Material [14].

THEOREM 4.2. If Assumptions 1, 2(i), and 3 hold and the separation quantity D in (33)
satisfies D ≥ √

κ/dα , with α ∈ (0,1] and κ a constant depending only on the constants CL

and C𝒜, then for any (X, k) generated from the same distribution as the data in (30), there
exists a network p = (p1,p2) ∈ 𝒢(α, |𝒜dα |) such that the corresponding classifier ˜︁k(X) =
1(p2(X) > 1/2) satisfies

˜︁k(X) = k almost surely.

To ensure the existence of the interpolating classifier in the previous result, the best achiev-
able order of the separation quantity D with respect to the resolution level d is

D ≳ 1√
d

,

which is more restrictive if compared to the lower bound D ≳ 1/d imposed on the image
classification methods discussed in Section 3. This discrepancy arises from the construction
of the proposed CNN architecture. To handle different deformations, the CNN construction
uses 2|𝒜dα | separate filters to test whether the image was approximately generated by apply-
ing one of the deformations in the discretized set 𝒜dα to either of the two possible template
functions. More specifically, consider a given input image that has been generated by de-
forming the template function of class k ∈ {0,1} by A. In Proposition B.5, we show that the
convolutional filter corresponding to the correct class k and the deformation in 𝒜dα that is
closest to the true deformation A produces the highest activation, that is, the highest output
value after convolution and global max-pooling; see Figure 6 for an illustration. This requires
D ≳ 1/

√
d when α = 1.

The 1/d separation rate can be obtained, under additional conditions, if we instead take
2|𝒜d1 |2 many convolutional filters, resulting in a CNN architecture with ≲ (|𝒜d1 |2d2 +
|𝒜d1 |4) log(|𝒜d1 |) network parameters. The argument is outlined in the Supplementary Ma-
terial [14] after the proof of Theorem 4.2. We want to emphasize that the rate 1/

√
d already

covers most practical application scenarios, and the goal of this work is to analyze the per-
formance of commonly used CNN architectures with as few filters as possible.

A consequence of the approximation result is that, under the conditions of Theorem 4.2,
the label can be retrieved from the image.

FIG. 6. Effect of different filters on the same image. The global max-pooling layer will generate the largest
values for filters that are most similar to the object.
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LEMMA 4.3. If Assumptions 1, 2(i), and 3 hold and the separation quantity D in (33)
satisfies D ≥ √

κ/dα , with α ∈ (0,1] and κ a constant depending only on the constants CL

and C𝒜, then for any (X, k) generated from the same distribution as the data in (30), its label
k can be written as a deterministic function k(·) evaluated at X, and we have

p(X) = k(X),

where p(x) = P(k = 1|X = x).

A consequence is that under the imposed conditions

min
q:[0,1]2→{0,1}

P
(︁
q(X) ≠ k(X)

)︁ = 0.

Next, we consider CNN-based classifiers trained using the commonly employed cross-
entropy loss. For a pair (X, k) with image X and its label k ∈ {0,1}, drawn from the data
distribution, and X the preprocessed image, the objective is to minimize the population risk

−E
[︁
k log

(︁
f (X)

)︁ + (1 − k) log
(︁
1 − f (X)

)︁]︁
over a suitable class of CNNs. Since the true distribution of (X, k) is unknown, one instead
minimizes the empirical version of this risk.

To avoid degeneracy in the cross-entropy loss, we consider the CNN class 𝒢(α,m) with
a slight modification that prevents the outputs to be too close to the boundaries 0 and 1.
Specifically, we define

(35) ˜︁𝒢(α,m) := {︁
(1 − g̃, g̃) : g̃ = (︁

g ∨ ρ(1)
)︁ ∧ ρ(−1), (1 − g,g) ∈ 𝒢(α,m)

}︁
,

where ρ(z) := 1/(1 + ez). The specific values ρ(1), ρ(−1) are convenient but not essential.
The empirical risk minimizer over all CNNs of the form (35) is

(36)

ˆ︁pCE = (︁ˆ︁pCE
1 , ˆ︁pCE

2
)︁

∈ arg min
q=(q1,q2)∈˜︁𝒢(α,m)

−1

n

n∑︂
i=1

[︁
ki log

(︁
q2(Xi )

)︁ + (1 − ki) log
(︁
1 − q2(Xi )

)︁]︁
,

where Xi denotes the normalized image as defined in (31). The misclassification bound for
this CNN based classifier

ˆ︁kCE(X) = 1(︁ˆ︁pCE
2 (X) > 1/2

)︁
is given below.

THEOREM 4.4. Consider the general deformation model (3), and suppose Assumptions
1, 2(i), and 3 hold. Let 0 < α ≤ 1 and ˆ︁pCE be the estimator in (36), based on the CNN class˜︁𝒢(α, |𝒜dα |) defined in (35). Suppose a new data point (X, k) is independently drawn from
the same distribution as the data in (30). If |𝒜dα | ≥ (dα ∨ 2) and the separation quantity in
(33) satisfies D ≥ √

κ/dα for a constant κ only depending on (CL,C𝒜), then there exists a
universal constant C > 0 such that, for any γ > 0 and any sufficiently large n,

P
(︁ˆ︁kCE(X) ≠ k

)︁ ≤ C
|𝒜dα |(d2α + |𝒜dα |)

n
log

(︁|𝒜dα |
)︁

log1+γ n,(37)

where P denotes the distribution over all randomness in the data and the new sample X.
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The proof of Theorem 4.4 is postponed to Section B of the Supplementary Material [14].
Up to logarithmic terms, CNN-based classifiers trained with the cross-entropy loss exhibit
similar generalization performance to those trained with the 0–1 loss, and the misclassifi-
cation error of both classifiers converges to zero at the rate V/n, where V denotes the VC
dimension of the underlying CNN architecture. The rate V/n is minimax optimal; see Theo-
rem 4 in [44].

The CNN-based approach discussed in this section can be readily extended to the multi-
class classification setting. Generalizing from 2 to K > 2 classes, the number of filters and the
width of all layers in the fully-connected network have to be multiplied by K/2. The softmax
function is then given by Φ(x1, . . . , xK) = (ex1/

∑︁K
i=1 exi , . . . , exK /

∑︁K
i=1 exi ). Regarding the

approximation theory, if Assumptions 1, 2(i), and 3 hold and the separation quantity satisfies
the pairwise lower bound Di,j ≳ d−α/2, for all i, j = 1, . . . ,K , with i ≠ j , then there exists
a network p = (p1, . . . , pK) with the architecture described above such that the correspond-
ing classifier ˜︁k(X) = arg maxℓ∈{1,...,K} pℓ(X) satisfies ˜︁k(X) = k, almost surely. Following the
proof of Lemma B.14, the covering number of the model class can be shown to be K times
that of the binary case (up to a logarithmic factor). With both the approximation and covering
number results, one can apply existing error decomposition results, such as Theorem 3.5 (for
the cross-entropy loss) in [9] or Lemma A.9 (for the hinge loss) in [30], to bound the final
misclassification error in the multiclass setting. Compared to the binary case, the resulting
misclassification error bound scales with the number of classes K .

On the optimization side, current deep learning theory still cannot incorporate the algo-
rithm (with the common initialization schemes and without excessive number of restarting)
into the learning process for general nonparametric estimation problems. The NTK regime
allows to study gradient descent, but in a wide limit where the method converges to kernel
regression and thus the feature learning is lost. Therefore, to derive insights on how deep
networks can learn functions, the statistical theory literature focuses on the empirical risk
minimizer (ERM). The discrepancy might be less severe given the claims in the literature that
gradient based methods find local minima with training loss close to the global minimum. For
large networks it can be rigorously shown that gradient descent can reach zero training loss,
and thus gradient descent eventually converges to an ERM [1, 2, 20, 21, 37, 73].

5. Numerical results. We empirically compare the three proposed methods: the inverse
mapping classifier (10), the image alignment classifier (23), and CNN-based classifiers with
three different architectures.

5.1. Inverse mapping and image alignment. Theorems 3.1 and 3.7 show that both the
inverse mapping classifier and the image alignment classifier can recover the correct label,
provided each class appears at least once in the training data. We computed the empirical
performance for both methods using a balanced design with n = {2,4,8,16,32} labeled sam-
ples, meaning that each of the two classes contributes n/2 images.

We consider the deformation model (2) and generate the template functions from the Fash-
ionMNIST and CIFAR-100 datasets. FashionMNIST contains 28×28 grayscale images from
different fashion categories, while CIFAR-100 includes 32 × 32 color images across 100
classes. In our setup this corresponds to d = 28 and d = 32, respectively. In the experiments
using FashionMNIST, we select as template functions one image with label “pullover” and
one image with label “coat.” For CIFAR-100, the template functions are generated from the
classes “fox” and “flatfish” and preprocessed to grayscale images with black backgrounds.
Training samples are then generated by applying random shifts (τ , τ ′), scalings (ξ , ξ ′), and
brightness changes (η) using the Keras ImageDataGenerator. For FashionMNIST, examples
of generated deformed images are displayed in Figure 7.
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FIG. 7. Augmented images with label “pullover” (top row) and “coat” (bottom row) from the FashionMNIST
dataset.

As explored in Section 3.1, the inverse mapping classifier (10) is based on a discretization
of the deformation class. For correct classification, the grid size of this discretization should
be ≤ “small constant” × “separation distance between the template functions.” The theory
focuses on bounds that also apply to the worst-case separation distance D ≍ 1/d . Thus, the
grid size becomes of the order 1/d . In practice, the separation distance could be much larger,
which means that a less fine discretization of the deformation class is sufficient. We em-
pirically compare the image alignment classifier with the inverse mapping classifier based
on different grid sizes. The performance of each classifier ˆ︁k is evaluated by the empirical
misclassification risk (test error)

RN = 1

N

N∑︂
i=1

1
(︁ˆ︁k(Xn+i) ≠ kn+i

)︁
,(38)

based on test data (Xn+1, kn+1), . . . , (XN, kN), that are independently generated from the
same distribution as the training data. For N = 50, Figure 8 reports the median of the test
error based on 10 repetitions in each setting.

The results shown in Figure 8 align with the theory presented in Section 3. Specifically, for
the image alignment method, the misclassification error is zero as long as each class appears

FIG. 8. Comparison of the image alignment classifier (blue) and inverse mapping classifiers with different dis-
cretization grid sizes (orange, green, red). The plots show median test errors over 10 repetitions for varying
training sample sizes. In (b), both the alignment classifier and the inverse mapping classifier with grid size 0.4
achieve zero misclassification, resulting in the blue and red lines overlapping.
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FIG. 9. The template cat and dog images (224 × 224) and their corresponding deformed samples (64 × 64).

at least once in the training data. For the inverse mapping classifier, the misclassification error
decreases as the discretization becomes finer, eventually also reaching zero misclassification
error. Moreover, the misclassification error of all inverse mapping classifiers decreases as
the training sample size increases. The reason is that more samples yield a denser set of
discretized inverse mappings to compare to, thereby improving prediction accuracy.

5.2. Classifiers via CNN-based approach. This section investigates the learning perfor-
mance of three different CNN architectures with template functions generated from MNIST,
FashionMNIST, CIFAR-100, and ImageNet. The MNIST dataset consists of 28 × 28 pixel
grayscale images of handwritten digits (0 − 9). ImageNet consists of labeled high-resolution
(typically 224 × 224) color images. We select the template functions by drawing images
with label “0” vs. “4” (MNIST), “T-shirt” vs. “dress” (FashionMNIST), “fox” vs. “flatfish”
(CIFAR-100), and “cat” vs. “dog” (ImageNet).

The training and test samples are generated using the same procedure as in Section 5.1, but
with a more complex deformation model described by (4) and (5), which also incorporates
random rotations. To accelerate training, we rescale the ImageNet images from 224 × 224
to 64 × 64. Examples of template and deformed images from ImageNet are shown in Fig-
ure 9, and examples from the other datasets are provided in Section C of the Supplementary
Material [14].

We consider three different CNN architectures, each with one convolutional layer as in
Section 4, sharing the same filter size but differing in the number of filters and the width
of the feed-forward layers, as summarized in Table 1. All CNNs are trained using cross-
entropy loss and the Adam optimizer in Keras (with the TensorFlow backend), employing
the default learning rate of 0.001. For each task, training is conducted on balanced samples
with n/2 = {26,27,28,29,210,211} samples per class. The performance of each classifier ˆ︁k
is evaluated using the misclassification error in (38), computed on i.i.d. test samples. For
N = 200, Figure 10 reports the median test errors over 10 repetitions for each CNN classifier
across various classification tasks.

TABLE 1
Details of three CNN architectures

Filter size Number of filters Width of feed-forward layers

CNN1 10 × 10 32 128
CNN2 10 × 10 64 256
CNN3 10 × 10 128 512
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FIG. 10. Comparison of three trained CNNs. Reported is the median of the test error with N = 200 over 10
repetitions.

For all four classification tasks and all three CNN-based classifiers, the misclassification
error decreases and eventually converges to zero as the training sample size increases. The
rate of this decay varies across tasks. Among the four tasks, classifying the labels “0” vs.
“4” and “fox” vs. “flatfish” is relatively easy, achieving near-zero error with fewer samples.
In contrast, classifying “T-shirt” vs. “dress” and “cat” vs. “dog” is more challenging, requir-
ing larger sample sizes to reach similarly low error rates. In the comparison among CNN1,
CNN2, and CNN3, increasing the number of filters and the width of the fully connected lay-
ers enhances performance by enabling a finer approximation of the deformation set 𝒜 (As-
sumption 3). These numerical results are consistent with the theoretical findings presented in
Section 4.

6. Overview of deformation-based analysis. We already discussed the similarity with
the optimization problem (15) in image registration.

In functional data analysis (FDA), curves typically exhibit amplitude (vertical) and phase
(horizontal) variation. Let y1, . . . , yn : ℝ+ → ℝ be observed functions with both types, and
x1, . . . , xn the amplitude-only functions. They can be related by unknown time-warping func-
tions hi ∈ ℋ : ℝ+ → ℝ+ such that yi(t) = xi(hi(t)) [31, 38]. Depending on the application,
hi may take various forms, such as uniform scaling, shifts, or more generally affine trans-
formations. More involved statistical analysis often requires conditions such as smoothness
and orientation preservation (i.e., hi(0) = 0, hi(1) = 1, and strict monotonicity); for example,
[60] considers orientation-preserving diffeomorphisms. Additionally, some works impose the
unbiasedness condition E[hi(t)] = t [50, 62].

When phase variation is treated as a nuisance [43, 60], the goal is to remove it to improve
feature estimation, such as the mean curve. This is achieved through curve registration (also
referred to as curve alignment in biology), encompassing a wide range of techniques, includ-
ing earlier heuristics like dynamic time warping (DTW) and landmark registration. These
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alignment techniques use a template function x0 as the target, seeking a time-warping func-
tion gi such that yi ◦gi ≈ x0, where closeness is measured by a chosen metric. For simplicity
of illustration, let us assume that ℋ admits a group structure with identity, inversion, and
closure under composition. Most methods optimize objective functions of the form

(39) ℒλ,i[μ] = inf
hi∈ℋ

(︁∥yi ◦ hi − μ∥2 + λℛ(hi)
)︁

with ℛ a regularizer. In [62] the authors take μ = yj , compute pairwise warping functions
hij for each j via (39), and average them to obtain gi . They establish an upper bound on the
sup-norm distance between estimated and true warping functions. In contrast, [31] adopts a
template-based method, assigning each i a distinct μi = ∑︁p

j=1 βij ξj , where the ξj are data-
driven basis elements closely related to the principal components. Besides implementing opti-
mization as in (39), another approach models amplitude and phase variations through equiv-
alence classes, drawing inspiration from shape analysis [19] and pattern theory [25]. This
absorbs nonshape attributes like translation, rotation, and scaling into equivalence classes
[59, 71], motivating the use of a metric d that satisfies the invariance for all h ∈ ℋ,

(40) d(x1, x2) = d(x1 ◦ h,x2 ◦ h).

In [40, 60, 64], the authors use the Fisher–Rao Riemannian metric and represent each func-
tion x(t) by its square-root velocity function (SRVF) q(t) := x′(t)/

√|x′(t)|. This links the
Fisher–Rao metric between functions x1, x2 to the Euclidean distance between their SRVFs
q1, q2, making distance computation feasible. The strict monotonicity of h is essential for
the derivation. Under certain conditions, [60] prove that their alignment algorithm, based
on computing the Fréchet mean, yields a consistent estimator of the original warping-free
function. From the same perspective, [40] developed a Bayesian model for estimating warp-
ing functions, supported by numerical experiments. Compared with the above literature, our
work may be regarded as an adaptation of the concept of phase variation to the context of
2D image classification, where such variability is modeled as geometric deformations. This
adaptation is nontrivial, as conditions commonly required in FDA, such as orientation preser-
vation, are no longer appropriate in the context of 2D image classification. Additionally, while
the concept of equivalence classes is intuitive for classification tasks, pursuing strict invari-
ance often goes beyond what is necessary or beneficial in this setting. Indeed, if each class
with deformations is regarded as an orbit, the goal is not to have two parallel orbits, as in
(40), but rather to ensure that the distance between orbits is sufficiently large to offset errors
introduced by pixel-based image representation.

Another related line of research is Mallat’s series of works on the scattering transform
[12, 13, 41] in pattern recognition, which offers an alternative representation approach to
achieving invariance. Specifically, given a signal f on ℝ

d , they focus on deformations mod-
eled as small diffeomorphisms close to translations, expressed by Lτf (x) = f (x − τ(x)),
where τ(x) ∈ ℝ

d is a displacement field. The scattering representation Φ is constructed using
a wavelet scattering network, which cascades wavelet transforms with nonlinear modulus and
averaging operators [11]. As demonstrated in [41], this representation is translation-invariant
(Theorem 2.10) and Lipschitz continuous with respect to the action of diffeomorphisms on
compactly supported functions (Corollary 2.15), satisfying⃦⃦

Φ(Lτf ) − Φ(f )
⃦⃦
≲ ∥f ∥2

(︂
sup
x

⃓⃓∇τ(x)
⃓⃓ + sup

x

⃓⃓
Hτ(x)

⃓⃓)︂
,

where ∇τ denotes the deformation gradient tensor and Hτ the Hessian tensor. With addi-
tional constructions, scattering networks can also be made rotation-invariant (Section 5 of
[41]). A key difference from CNNs, which we study in this paper, is that scattering networks
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are not learned from data but explicitly designed based on prior requirements to ensure in-
variance or stability to specific signal deformations. This inherently limits their flexibility to
predesigned invariances. These works contribute to the broader field of invariant representa-
tion learning. Related research includes [3, 57], where [3] considers deformations forming
a compact group and shows that representations defined by nonlinear group averages are
invariant under the group actions.

7. Conclusion and extensions. This paper introduces a novel statistical framework for
image classification. Instead of treating each pixel as a variable and analyzing a nonparamet-
ric denoising problem where randomness occurs as additive noise, the proposed deformation
framework models the variability of objects within one class as geometric deformations of
template functions. The abstract framework encompasses a wide range of linear and nonlin-
ear deformations, including commonly considered transformations such as rotations, shifts,
and rescaling.

In real world images, deformations can be highly complex, but the analytical approach dis-
cussed here may still offer insights. Extensions to background noise and multiple objects have
been briefly discussed in Section 3.2. The CNN approach in Section 4 seems quite robust to
independent background noise in the image as it relies on inner products, where, by the CLT,
the noise should be rather small relative to the object signal. However, analyzing complex,
structured backgrounds is more challenging and requires proper statistical modeling. Modi-
fying the approach in Sections 3 and 4, misclassification error bounds can be derived for the
case where fixed images from two different classes are randomly occluded. Closely related
are extensions to partially visible objects. In this scenario relying on global characteristics,
such as the full support of the object, seems unreasonable. However, it might still be possible
to construct classifiers, that provide similar theoretical guarantees by focusing on local prop-
erties instead. The presence of sharp edges corresponds to a locally large (or even infinite)
Lipschitz constant CL in the template functions and requires a more refined analysis.

A further potential extension is to incorporate perspective transformations from the com-
puter vision literature [29, 69]. The underlying idea is that images captured from different
perspectives can be modeled as⎛

⎝˜︁a1(u, v)˜︁a2(u, v)

w(u, v)

⎞
⎠ =

⎛
⎝h11 h12 h13

h21 h22 h23
h31 h32 h33

⎞
⎠

⎛
⎝u

v

1

⎞
⎠ ,

where hij are the parameters of the nonsingular homography matrix and w is the so-called
scaling factor. In this framework, a1(u, v) and a2(u, v) are obtained by normalizing the output
by w, namely, a1(u, v) =˜︁a1(u, v)/w(u, v) and a2(u, v) =˜︁a2(u, v)/w(u, v). Affine transfor-
mations can be recovered as a special case by choosing h31 = h32 = 0 and h33 = 1. To in-
clude perspective transformations, one needs to relax the partial differentiability imposed in
Assumption 2.

The work in [47] and Section 5 of [48] discusses further deformation classes, including
those that account for noise and blur, multiscale superposition, domain warping, and inter-
ruptions.

Additionally, various sophisticated image deformation models have been proposed for
medical image registration. As mentioned in (15), image registration seeks an optimal trans-
formation mapping the target image to the source image. To study and compare image regis-
tration methods, it is essential to construct realistic image deformation models describing the
generation of the deformed image from the template. The survey article [58] classifies these
deformation models into several categories, such as ODE/PDE based models, interpolation-
based models, and knowledge-based models. For instance, a simple ODE based random im-
age deformation model takes X as template/source image and generates a random vector field
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u. This can be achieved by selecting a basis and generating independent random coefficients
according to a fixed distribution. Given the vector field u, a continuous image deformation
X(t) is generated by solving the differential equation ∂tX(t) = u(X(t)) with X(0) = X. The
randomly deformed image is then X(1). The DARTEL algorithm [5] is a widely recognized
approach for image registration within this deformation model. A statistical analysis of these
methods is still lacking.
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