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Analysis and synthesis
Let Y ∈ Rn be the response vector.

synthesis problem: with X ∈ Rn×p given design matrix

minimize over b ∈ Rp : ‖Y − Xb‖22/n + 2λ‖b‖1.

analysis problem: with D ∈ Rm×n given analysis matrix

minimize over f ∈ Rn : ‖Y − f‖22/n + 2λ‖Df‖1.

Example: D := incidence matrix of a graph.



Synthesis problem: X=dictionary
p variables of which perhaps only s are relevant
... and we do not know which ones.
Typically p � n.

Analysis problem:
m potential restrictions of which perhaps only s are violated
... and we do not know which ones.
Possibly m ≥ n.



An example: total variation of higher order differences

A preview
Define the differences (∆f )j = fj − fj−1 and

∆0f := f , ∆l f := ∆∆l−1f , l ∈ N

Fix k ∈ N and let
Df := ∆k f .

Let S := {t1, . . . , ts}, t1 < · · · < ts, t0 := k , ts+1 := n.
Let d∞ := max1≤j≤s+1(tj − tj−1)



analysis:

f̂ = arg minf∈Rn

{
‖Y − f‖22/n + 2λ‖Df‖1

}
with

Df := ∆k f .

Suppose
Y = f 0 + ε, ε ∼ N (0, I).



Theorem For all u > 0, v > 0 and for

λ ≥ ckλS(u)d
2k−1

2∞ /
√

n

where

λS(u) =

√
2 log(2(n − (s + k)) + 2u

n
we have with probability at least 1− exp[−u]− exp[−v ]

‖f̂ − f 0‖22/n ≤ ‖f − f 0‖22/n

+

(√
k(s + 1)

n
+

√
2v
n

+ λΓ(S,w−S)

)2

with

Γ2(S,w−S)︸ ︷︷ ︸
“effective sparsity”

≤ C2
k

s+1∑
j=1

n log(tj − tj−1)

(tj − tj−1)2k−1 .

Remark The “effective sparsity” is a version of the inverse of the
restricted eigenvalue. This lecture is about how to upper-bound
this quantity (when the design is highly correlated but
structured).
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Corollary If the jumps of ∆k−1f 0 are “roughly” equidistant the
rate of convergence is

‖f̂ − f 0‖22/n = OP

(
(s + 1) log2 n

n

)
provided

λ �
√

log n
n

(
n

s + 1

) 2k−1
2

/
√

n.
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◦ Noiseless analysis

◦ Explaining the restricted eigenvalue issue
; “new” compatibility constant (and effective sparsity)

◦ Noisy analysis



Notation

For v ∈ Rn

‖v‖2Qn
:=

n∑
i=1

v2
i /n

= ‖v‖22/n.



S ⊂ [1,m] potentially active variables

for b ∈ Rm let bS := {bj}j∈S, b−S := {bj}j /∈S



Direct analysis of the analysis problem without noise

Let

f ∗ := arg min
f∈Rn

{
‖f − f 0‖2Qn

+ 2λ‖Df‖1
}
.

Compatibility constant

κ2(S) := s min

{
‖f‖2Qn

: ‖DSf‖1 − ‖D−Sf‖1 = 1
}
.

[Dalalyan, Hebiri, Lederer, 2017]
Effective sparsity

Γ2(S) :=
s

κ2(S)



Lemma We have

‖f ∗ − f 0‖2Qn
≤ min

f , S

{
‖f − f 0‖2Qn

+ λ2Γ2(S)

}
.



A bound for the effective sparsity

Dual certificate
Let zS ∈ {±1}s and q ∈ Rm be an interpolating vector:

qS = zS, ‖q‖∞ ≤ 1.

Then
Γ2(S) ≤ n‖DT q‖22.

[Candès and Fernandez-Granda, 2013]

Remark

Unlike in the synthesis formulation there is no range condition on q



Example: the total variation penalty

Consider the analysis problem

f ∗ := arg min

{
‖f − f 0‖2Qn

+ 2λ
n∑

i=2

|fi − fi−1|
}
.



TV(f ) large
TV(f ) small



Remark
The analysis problem

f ∗ := arg min

{
‖f − f 0‖2Qn

+ 2λ
n∑

i=2

|fi − fi−1|
}
.

corresponds to the synthesis problem

β∗ := arg min
b∈Rn

{
‖Xb − f 0‖2Qn

+ 2λ
n∑

j=2

|bj |
}
.

where

X =


1 0 0 · · · 0
1 1 0 · · · 0
1 1 1 · · · 0
...

...
...

. . .
...

1 1 1 · · · 1





‖Df‖1 :=
n∑

j=2

|fj − fj−1| DT q = −


q1

q2 − q1
...

−qn−1


with

D =


−1 1 0 · · · 0 0
0 −1 1 · · · 0 0
...

...
...

. . .
...

...
0 0 · · · −1 1





Let f ∈ Rn.

Let s be the number of jumps of f .

Let 1 < t1 < . . . < ts < n be the location of the jumps.

Let d1 = t1, d2 = t2 − t1, . . . , ds+1 = n − ts be the distances
between jumps.





Interpolating vector q for the total variation penalty on f



Interpolating vector q

The vector DT q



DT q = −


q1

q2 − q1
...

−qn−1

 =



−1/d1
...

−1/d1
+2/d2

...
−2/d2

...
+1/ds+1

...
+1/ds+1





Thus

Γ2(S) ≤ ‖DT q‖22 =
n
d1

+
4n
d2

+ · · ·+ 4n
ds

+
n

ds+1

Remark
In the background we are simply doing partial integration:

(q,Df ) = (DT q, f ).



Interpolating vector q

The vector DT q



Corollary
We have

‖f ∗ − f 0‖2Qn
≤ ‖f − f 0‖2Qn

+ λ2
(

n
d1

+
s∑

j=2

4n
dj

+
n

ds+1

)
.

Note (
n
d1

+
s∑

j=2

4n
dj

+
n

ds+1

)
≤ 4(s + 1)

mins+1
j=1 dj/n



Exampe: total variation penalty of second order
differences

Let

‖Df‖1 :=
n∑

j=3

|∆fj −∆fj−1|

:=
n∑

j=3

|fj − 2fj−1 + fj−2|

:= TV(∆f ).



A function f with TV(∆f ) small



Interpolating vector q for the total variation penalty on ∆f
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Noiseless, k=2

q

One finds

Γ2(S) ≤ n‖DT q‖22 ≤ 16
s+1∑
j=1

(
n
dj

)3

.



Exampe: total variation penalty of higher order
differences

Let

‖Df‖1 := ‖∆k f‖1
:= TV(∆k−1f ).

One finds

Γ2(S) ≤ n‖DT q‖22 ≤ C2
k

s+1∑
j=1

(
n
dj

)2k−1

.



Total variation in higher dimensions

‖Df‖1 :=

n1∑
j=2

n2∑
k=2

|fj,k − fj−1,k − fj,k−1 + fj−1,k−1|

Useful for pictures · · ·



Example: total variation on graphs

We have considered the path graph



At each node i is attach a weight fi (i = 1, . . . ,n)



We can also consider more general graphs



For example cycles

By cutting it we get back the path graph!



The interpolating vector q for the cycle

The interpolating vector is as for the path graph
It is actually easier now,
because we are free in choosing where to cut!



For general graphs, we first construct a generating tree
and then split up the tree into path graphs.
Both steps depend on where the jumps are.

Conclusion
The theory goes through for total variation penalties on graphs.



Adding noise

We consider the model

Y = f 0 + ε, ε ∼ N (0, I)

analysis:

f̂ = arg minf∈Rn

{
‖Y − f‖2Qn

+ 2λ‖Df‖1
}



Notation
For N ∈ N and vectors a ∈ RN and b ∈ RN with the same length
we write

ab :=


a1b1
a2b2

...
aNbN

 .



Analysis

Compatibility constants for noisy analysis

Let w−S ∈ [0,1]p−s be a vector of weights and

κ2(S,w−S) = s min

{
‖f‖2Qn

: ‖DSf‖1 − ‖(1−w−S)D−Sf‖1 = 1
}
.



Let

N−S := the null space of D−S

rS := rank(N−S)

ω̃−1
j := length of the antiprojection of the j th column of D−S

on the other columns of D−S

and

ωj :=

{
ω̃j if ω̃j is among the n − rS smallest ω̃j

0 else

Remark If D−S has full rank we have

ω̃2
−S = diag(D−SDT

−S)−1/n



Define

λ(t) :=

√
2 log(2(n − rS)) + 2t

n
“noise level”

Take

λ ≥ λ(t)‖ω−S‖∞

w−S :=
λ(t)
λ
× ω−S



Oracle inequality for the analysis problem
Theorem
For all t > 0 and x > 0,
we have with probability at least 1− exp[−t ]− exp[−x ]

‖f̂ − f 0‖2Qn
≤

approximation error︷ ︸︸ ︷
‖f − f 0‖2Qn

+

estimation error︷ ︸︸ ︷(√
rS

n
+

√
2x
n

+ λΓ(S,w−S)

)2

+

possibly left over small coefficients︷ ︸︸ ︷
4λ‖D−Sf‖1

where
Γ2(S,w−S) =

s
κ2(S,w−S)

is the effective sparsity for the noisy analysis problem.



Define an interpolating vector q adjusted to noise as follows:

qj = {±1}, j ∈ S

|qj | ≤ 1− wj , j /∈ S.

Then
Γ2(S,w−S) ≤ n‖DT q‖2.

Thus

‖f̂ − f 0‖2Qn
≤ ‖f − f 0‖2Qn

+

(√
rS

n
+

√
2x
n

+ λ
√

n‖DT q‖2
)2

.



Example: the total variation penalty for the noisy case

We have

ω2
tj−1+k =

k(dj − k)

ndj
,1 ≤ k ≤ dj − 1, j = 1, . . . , s + 1

‖ω2‖∞ =
dmax

4n
, dmax := max

1≤j≤s+1
dj .

We therefore must take

λ ≥ λ(t)︸︷︷︸
�
√

log n/n

√
dmax

4n

� 1
n

√
dmax log n



An interpolating vector adjusted for noise has

|qk | := 1−

√
d1 − k

d1
, 1 ≤ k ≤ d1

|qtj−1+k | = 1− 2

√
k(dj − k)

d2
j

, 1 ≤ k ≤ dj − 1, j = 2, . . . , s

|qts+k | = 1−

√
k

ds+1
, 1 ≤ k ≤ ds+1 − 1

We get

‖q‖22 ≤
1
d2

1
+

log dj

dj
+

s∑
j=2

4 log(dj/2)

dj
+

log ds+1

ds+1
+

1
d2

s+1



Interpolating vector q for the total variation penalty on f



Adjusted to the noisy case



Application of the theorem gives for the total variation penalty:
For all f ∈ Rp, S ∈ [1,m], t > 0 and x > 0,
we have with

λ ≥ λ(t)︸︷︷︸
�
√

log n/n

√
dmax

4n

and with probability at least 1− exp[−t ]− exp[−x ]

‖f̂ − f 0‖2Qn
≤ ‖f − f 0‖2Qn

+

(√
s + 1

n
+

√
2x
n

+ λΓ(S,w−S)

)2

+ 4λ‖D−Sf‖1

where
Γ2(S,w−S)

≤ n
d2

1
+

n log d1

d1
+

s∑
j=2

4n log(dj/2)

dj
+

n log ds+1

ds+1
+

n
d2

s+1
.



Special case: equally spaced jumps.
Suppose dj = n

s+1 . We get

Γ2(S,w−S) ≤ 6(s + 1)2 log n

The requirement λ ≥ λ(t)
√

dmax/(4n) is met for

λ �
√

log n
n︸ ︷︷ ︸

�λ(t)

√
1

s + 1︸ ︷︷ ︸
�
√

dmax/n

.

So we get

λ2Γ2(S,w−S) = O
(

s + 1
n

)
log2 n

= O
(

number of parameters
number of observations

)
log2 n



Conclusion for the general analysis problem with noise

In principle solved
e.g. for total variation on higher order derivatives

[Guntuboyina,
Lieu, Chatterjee
and Sen, 2014]




