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Analysis and synthesis
Let Y € R" be the response vector.

synthesis problem: with X € R"*P given design matrix

minimize over b € RP : ||Y — Xb||3/n+ 2)||b||1.

analysis problem: with D € R™*" given analysis matrix

minimize over f € R" : ||Y — f||3/n+ 2)\|| Df||.

Example: D :=incidence matrix of a graph.




Synthesis problem: X=dictionary
p variables of which perhaps only s are relevant
... and we do not know which ones.

Typically p > n.

Analysis problem:

m potential restrictions of which perhaps only s are violated
... and we do not know which ones.

Possibly m > n.




An example: total variation of higher order differences

A preview
Define the differences (Af); = f; — fi_4 and

A%f:=f, Alf .= AA"f, | eN

Fix kK € N and let
Df := AKf.

Let S := {t1,...,ts}, t1 < e < ts, to = k, tS+1 = n.
Let d, := max1§j§s+1(tj — tj_1)



with

Suppose

analysis:

f=arg minfeRn{H Y — f||3/n + 2X|| Df|| }

Df = AKf.

Y =1 +e e~ N(O,)).




Theorem For allu > 0, v > 0 and for

2k—1
A > Ck)\s(U)doo2 /ﬁ
where

2log(2(n—(s+k))+2u
Ae(t) = \/ 81— (5 +4)
we have with probability at least 1 — exp[—u] — exp[—V]

IF = fU5/n < |If = 1°)3/n

+<\/ k(sn—|—1) + \/27'/+Ar(s, WS)>2

S+1

log(t; — ti_1)
2 < 2\ Moell — -
r?(S,w.s) <GP (G- § D2

with

“effective sparsity” J=1



Theorem For allu > 0, v > 0 and for

2k—1
A > Ck)\s(U)dooT/ﬁ

where

2log(2(n—(s+k))+2u
Ae(t) = \/ 81— (5 +4)
we have with probability at least 1 — exp[—u] — exp[—V]

IF = fU5/n < |If = 1°)3/n

(5 o)

s+1
nlog(ti — t_1)
rB(S,w_s) <C¢Y i
— K /_21 (t] - 1‘1'71)2}(_1

with

“effective sparsity”

Remark The “effective sparsity” is a version of the inverse of the
restricted eigenvalue. This lecture is about how to upper-bound
this quantity (when the design is highly correlated but
structured).



Corollary If the jumps of AK=1f0 are “roughly” equidistant the
rate of convergence is

- s+1)log?n
17~ 1 /n = 0p (EETRE)

provided

) = Iogn< n )2/ﬁ.

n s+ 1



Contents

o Noiseless analysis

o Explaining the restricted eigenvalue issue
~> “new” compatibility constant (and effective sparsity)

o Noisy analysis



Notation

Forv e R"

n

Iviig, = >_vi/n

i=1

= |vig/n.



S C [1, m] potentially active variables

for b € R™ let bs := {bj}jecs, b_s = {bj}j¢s



Direct analysis of the analysis problem without noise

Let
f*:=arg min< ||f — 0% + 2\ Df|1 }.
arg fe]kf)l{H e | ||1}

Compatibility constant
R2(S) = smin{ufua - 1Dsfls — ID_sflls = 1}.

[Dalalyan, Hebiri, Lederer, 2017]
Effective sparsity




Lemma We have

17~ P18, < mig{ I - 18, + 2rE(s) .



A bound for the effective sparsity

Dual certificate
Let zg € {+1}° and q € R™ be an interpolating vector:

gs = Zs, ||q||oo <1.

Then
r2(S) < n|D'q|3.

[Candés and Fernandez-Granda, 2013]

Remark

Unlike in the synthesis formulation there is no range condition on g \




Example: the total variation penalty

Consider the analysis problem

n
f* = argmin{”f— U5, +20 |fi— f,-_1|}.
i=2



TV(f) large




Remark
The analysis problem

n
f* = argmin{”f— fOH%n +2)\Z |fi — f,1|}
i=2

corresponds to the synthesis problem

n
5= ang pin X0 - 918, + 223 by |

j=2
where
1 o - 0
110 - 0

>
Il
PR
—_
-
o



n
IDF|l1 == " [f — fiyl
j=2

with



Let f € R".
Let s be the number of jumps of f.
Let1 <t <...<ts < nbe the location of the jumps.

Letdy =t,db =k -1, ..., dss1 = n— ts be the distances
between jumps.



TP S

d

dx-}l




Interpolating vector g for the total variation penalty on f

4




Interpolating vector g

The vector D" q




—1/d;

—1/d;
+2/dp

—2/d>
+1/ds 14

+1/ds 1




Thus

n 4n 4n n
r3(S)<|ID7qlls = —- tg gt
( ) H qHZ d dS ds+1

Remark
In the background we are simply doing partial integration:

(9.Df) = (D'q,f).



Interpolating vector g

The vector D" q




Corollary
We have

S
4n n
f— 05 < ||f — 02 +>\2<n+ —+ )
| o, <l e, o 2 d T dh

Note

n >< 4(s+1)

S
<n+ an
di 4 d dspr) T minttld/n



Exampe: total variation penalty of second order
differences

Let

n
IDfly = 3 |Af - Afy|
j=3

n
= Y lfi—2fi 1 +1fi o]
=3
= TV(AF).



A function f with TV(Af) small

T




Interpolating vector q for the total variation penalty on Af

Noiseless, k=2

One finds

s+1 3
r2(S) < n||D7q|3 < 162<”> .
< <163 g



Exampe: total variation penalty of higher order
differences

Let
IDf|l+ == [ A5
= TV(AKTH).

One finds

s+1 n 2k—1
r2(S) < n| D" gl < ciz(dj) |
j=1



Total variation in higher dimensions

mo N

DAl = > Ik = fite = ikt + it

j=2 k=2

Useful for pictures - - -




Example: total variation on graphs

We have considered the path graph




At each node i is attach a weight f; (i=1,...,n)




We can also consider more general graphs




For example cycles

By cutting it we get back the path graph!



The interpolating vector g for the cycle

The interpolating vector is as for the path graph
It is actually easier now,
because we are free in choosing where to cut!



For general graphs, we first construct a generating tree
and then split up the tree into path graphs.
Both steps depend on where the jumps are.

Conclusion
The theory goes through for total variation penalties on graphs.



Adding noise

We consider the model

Y =1 4¢ e~ N(0O,J)

analysis:

f=arg minfd@n{ﬂ Y — f||%n + 2| Df |4 }




Notation
For N € N and vectors a € RN and b € RN with the same length

we write
aj b1
abo

anbyn



Analysis

Compatibility constants for noisy analysis

Let w_g € [0, 1]P~* be a vector of weights and

2(S.w-s) = smin{ I, 1Dsfls ~ (1~ w-5)D_sflls = 1}.



N_g := thenull space of D_g
rs = rank(N_g)
o' = length of the antiprojection of the /" column of D_g

on the other columns of D_g

= @; if @; is among the n — rs smallest &;
0 else

Remark If D_g has full rank we have

&? g = diag(D_sDT¢)™"/n



Define

A(t) := \/2 log(2(n — rs)) + 2t

- “noise level”
n

Take

W*S = _



Oracle inequality for the analysis problem

Theorem
Forallt >0 and x > 0,
we have with probability at least 1 — exp[—t] — exp[—X]

approximation error

02
I1f =g,

estimation error

+ <\/E+ \/?4— A(S, W_S)>2

possibly left over small coefficients

If— 1113,

IN

—f
+ 4\ D_sf|1
where s
2(S,w.g) = —5a——
(Sa w. S) K}Z(S, W—S)

is the effective sparsity for the noisy analysis problem.



Define an interpolating vector q adjusted to noise as follows:
q={+1},jeS

Then
(S, w_g) < n||D7qll2.

Thus

2 02 012 I's 2x T 2
If =g, < If = Fllg, + i 7+)\ﬁ||D qllz ) -



Example: the total variation penalty for the noisy case

We have
k(d; — k) .
2 _ j o _
wtf—ﬁk_indj A<k<d—-1,j=1,...,8+1
a,
2 _ “max
o lloo = an’ Cnax = 1< 9
We therefore must take
dmax
A > A
- \(L) 4n
=+/logn/n



An interpolating vector adjusted for noise has

=1- — 1<k<
‘qk| 1 d1 ; > _d1
k(d; — k
|qtj,1+k‘:1_2 (&2) R 1§k<dj—1,j:2, ,S
J
k
|Gterk =1 - L 1<k<dsiy—1
s 41
We get
1 logdy ~4log(di/2) logdsyy 1
2< 4 U J n st1
lqllz < N dsr1 | 2.,



Interpolating vector g for the total variation penalty on f
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Adjusted to the noisy case




Application of the theorem gives for the total variation penalty:
Forallfe RP, Se[1,m],t>0andx >0,
we have with

Omax
> =
AzNY
=+/logn/n

and with probability at least 1 — exp[—t] — exp[—X]

IF=10l%, < If=Flj,

+ (ﬁ—i— \/?jmr(s, W_S)>2

+  4M|D_sf|1
where
(S, w_s)
n nlogd 5. 4nlog(d:/2) nlog d, n
§7+<;€;1+ Oa‘id(//)+czj€;s+1 2
d1 1 j=2 ' 5+1 dS+1



Special case: equaIIy spaced jumps.

Suppose a; = S+1 We get

(S, w_s) <6(s+1)%logn

The requirement A > A()\/dmax/(4n) is met for

-

V)\ t) = dmax/n

So we get

Nr2(S,w.g) = o(s; 1 > log2 n

number of parameters >
= , log= n
number of observations



Conclusion for the general analysis problem with noise

In principle solved
e.g. for total variation on higher order derivatives
[Guntuboyina,
Lieu, Chatterjee
and Sen, 2014]






