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Two-sample functionals

&

We consider estimation of functionals of the form
T=T(f,9) /f ,g(x )m)dx,

where X := {x € R?: f(z) > 0, g(x) > 0}, using independent d-dimensional
observations X1,..., X,,,Y1,...,Y,,, where X1,..., X,, ~ f,Y1,...,Y, ~g.
Examples:

(i) p-divergences, including TV, Hellinger distances, KL and Rényi divergences
(ii) fRd fg

(iii) One-sample functionals of the form

H=H(f) ::/ f@)v(f(2),z)dz,
{z:f(x)>0}

such as Shannon and Rényi entropies.
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Applications i

Tests of normality asicek 1970, two-sample testing «anamori et al, 2012, dimension reduction
(Huber, 1955, iMage alignment wioia ana wetis 1097, independent component analysis comon, 1904),
estimation of intrinsic dimension (caneretat, 2000 and estimation of information flows
in deep neural networks (oidteid et al. 201).
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Non-smooth functionals

&

Many functionals of interest are non-smooth because of behaviour in
low-density regions. E.g.

e For Shannon entropy, ¥(u,z) = —logu

e For Rényi entropy, we take ¥ (u, z) = u~~1.

When f is bounded away from zero on its support, efficient estimators an der vaar,
w9 are sometimes obtainable. E.g. when f is s-Holder smooth on {z : f(z) > 0}

o~

with s > d/4, Laurent (1996) constructed a Shannon entropy estimator H,, with

mE({H, - B> [ flogtf- (TP,
{@:f(x)>0}
The limit is also obtained by the oracle estimator H}, := —-L 3™ log f(X;),

and is optimal in a local asymptotic minimax sense (bragimov and khasminskii, 1991; Laurent 1996).
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Alternative approaches U

» Higher-order influence functions obiss Li, Tchetgen and van der vaart, 2008; Robins, Li, Mukherjee, Tchetgen and

van der Vaart, 2017)
» Polynomial approximation (caiand tow 2011 Han, iao, Weissman and Wu, 2015)
> Sample spacings i taje Hussein and Golubey, 2009)
> Histograms (Hall and Morton, 1993)

> Kernel density estimates aninski and vajima, 200s; richaran, Wei and Hero, 2013)
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van der Vaart, 2017)
» Polynomial approximation (caiand tow 2011 Han, iao, Weissman and Wu, 2015)
> Sample spacings i taje Hussein and Golubey, 2009)
> Histograms (ai and Morton, 1993)

> Kernel density estimates aninski and vajima, 200s; richaran, Wei and Hero, 2013)

In density estimation, optimal rates of convergence can be very different when
densities with unbounded support are allowed (onoho et al. 1996 juitsky and Lambert-Lacroix. 2008

Goldenshluger and Lepski, 2014).
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Nearest neighbour estimators &

For kx € [m — 1], ky € [n], write p(;),; x for the distance between X; and its
kxth nearest neighbour among {X1,..., X, } \ {Xi}, and p(r.,i,y for the
distance between X; and its ky th nearest neighbour among {Y1,...,Y,}.

Our starting point is the approximation
f(Xi)VdP?kX),z‘,X ~ kx/m,
where V; := 7%/2 /T(1 + d/2) denotes the d-dimensional Lebesgue measure of

the unit Euclidean ball in R¢.

This motivates the initial estimator

m

~ ~ 1 kx ky
Tm,n = dImmnkx,ky ‘— ¢< ) ) X’L) .
x,ky m Z depl(ikx),i,X anp‘(jky)yi’Y

=1
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Initial classes of densities

For 8 > 0, let §:= [3] — 1, and when f(z) > 0 let

i . [EARIER]|
My p(x) == mf{M =1 ?é?ﬁf( f(x) )

B) () _ £(B) 1/
\V sw (Ilf ()7 ﬁ(yﬁ)ll) ~
¥,2€ B, ({2d*2 M1} 1), f@)llz —yll”™F

27y

E.g. if f is uniform on By (1), then My g(z) = {2d*/%(1 — ||z||)}~* for ||z < 1.

For 0 = (a, B, A, C) € (0,00)%, let

dyx
Gap = {f o (F) < C 1 flloe < C,/{ . )>O}f(g:){W} dz < c}.

fx
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Examples Eg

» Gaussian densities belong to Gy ¢ for any o, 8 > 0, A € (0,1) and
sufficiently large C' > 0.
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Examples

> Gaussian densities belong to Gg ¢ for any o, 8 > 0, A € (0,1) and
sufficiently large C' > 0.

> Multivariate-t densities with v degrees of freedom belong to G4 ¢ for any
a € (0,v),any 3> 0, € (0, V%rd) and C > 0 sufficiently large.

Beta density

00 05 10 15 20 25

T
0.0 02 04 06 0.8 1.0

> The Beta-type density f(x) xg,a, ||| (1 — ||z]|)*~ 1z <1} belongs
to Gy forany a, 8 > 0, A € (0, M%), and C > Cy = Co(a, B, \) > 0.

In particular, the U[—1, 1] density belongs to G; (4 g,x,c) for any «, 5 > 0,
A€ (0,1)and C > 1/(1 = N).
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Main classes of densities

&

Let F, denote the class of all densities on R

For © = (0,00)%, 9 = (a, B, A\, A2, 7, C) € O, let Mpg(z) := My g(x)V My p(x)

and set

Fap = {(f, 9) € Ga,(apn.0) X Fa:pc-1(9) <Cllgllee <C

x 9(z)" g9(z)

The third requirement can be thought of as a quantitative absolute continuity

condition.

Richard J. Samworth
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Classes of functionals %

Let = := [0,00)2 x (0,00)? x (1,00) and Z := (0,0)? x R% For
& = (K1,ke, 87,85, L) € E, let & = ®(&) denote all ¢ : Z — R for which

(i) writing 87 := [B7] — 1 and 3 := [B5] — 1, the partial derivative bp:p;
exists; also, for € = (e1,€2,0) € (—1, %)2 x {0} and z = (u,v,z) € Z,

¢(z+eoz)—7§i g (Z;U€1,’U€2)’ < L(uw™ " vul) (072 vol) (Jeg | +ea |2 );
1022
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Classes of functionals

&

Let = := [0,00)2 x (0,00)? x (1,00) and Z := (0,0)? x R% For
& = (K1,ke, 87,85, L) € E, let & = ®(&) denote all ¢ : Z — R for which
(i) writing 87 := [B7] — 1 and 3 := [B5] — 1, the partial derivative b=
exists; also, for € = (e1,€2,0) € (—1, f) x {0} and z = (u,v,z) € Z,

gb(z—l—eoz)—'rﬁdi g (z;uel,veg)’ < L(uw™ " vul) (072 vol) (Jeg | +ea |2 );
1022

(i) forz = (u,v,z) € 2,11 € [B]] and I2 € [B]],

|ullvlz¢lll2 (z)| < L(u™"™ vV uL)(zf'{2 \/UL);

(iii) writing &, := {0} x By(r), as r \, 0 we have

{‘qﬁ(z +e)
sup sup maxq |[———— — 1
ecE, zeEZ d)(z)

Su(zt+e)
| ¢r0(z) '

R L
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Classes of functionals %

Let = := [0,00)2 x (0,00)2 x (1,00) and Z := (0,0)? x R% For
& = (k1,ke, 57,05, L) € E, let & = ®(£) denote all ¢ : Z — R for which
(i) writing 87 := [B7] — L and 3 := [B5] — 1, the partial derivative bp:p;

exists; also, for € = (e1,€2,0) € (—1, %)2 x {0} and z = (u,v,z) € Z,
|¢(z+eoz)—7’5¢* g (z;uel,veg)’ < Lu™"vul) (v vol) (Jey|°1 +|ea]%2);
i st )
(i) forz = (u,v,2) € Z,1; € [8]]and l> € [B]],
’ullvl"’gmllz (z)| < Lu="™vV uL)(v_“"’ Y, ’UL);

(i) when ¢(u,v,z) = w(x)d(u, v),

sup sup W -1 TAO 0.

e€(—r,r) xR
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Weighted estimators

&

Fork,I € Nand c € (0,1), define [[]* :={0,1...,1} and

k

Wl(kc) = {w—(wl,...,wk) ERk:ij =1landw; =0forj < ck,
k
Zﬁ*iwj = 0for (1,4) € ([[d/2] — 1] x [1]7) \{(0,0)}}.

Fixing £ = (k1, k2,87, 05,L) € Zand c € (0,1), and for wy € WFﬁX/ﬂ . and
(ky)

wy € Wfﬂ*/ﬂ .» We can now define our weighted functional estimators as
o [

kx
- _ wX wy . § E
Tm;ﬂ T ’ . wXJXwY,]Y m,n,jx,jy "
Jx=1ljy=1

Richard J. Samworth
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Final preliminaries... %

For z € R%, let ¢, := ¢(f(), g(x), x) (f¢10) = f(z)¢10(f(2), 9(x), ) and
(foo1)a = f(x)por1(f(x), g(x),x). S

v =v1(f,g) = Var(¢xl + (f¢51o)X1) and vy = v2(f,g) := Var((f¢01)Y1)-

Fixingd € N, 9 = (o, 8, A1, A2,7,C) € © and € = (k1, ke, 57,05, L) € E, set

d(k1 + k2
¢ = )\*1+/\72+¥
d d d 1
e 1max(%’2(2AB)+d’4ﬁi"2A1(1—C))
d d d 1
72;:1_%((2[3 2021 B) +d 453’ 2A2<1—<>>

(a4 d)(1 4 2k2)
20 +d—2(a+d)r;
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Asymptotic risk Eg

Theorem. Fixd € N, ¥ = (a, 8, A1, A2,7,C) € ©, & = (K1, K2, 87,85, L) € E.
Assume that ¢ < 1/2, 7 > 1/85, 72 > 1/53 and that v > ~,. > 0.

Let (k%), (k%), (k%) and (k) satisfy k% m =181 A kbn=1/82 — o0 and
EYm= (=9 v kUn=(2=9) — 0 for some € > 0.

k k
Then for each ¢ € (0,1), each wx = wg(X) € WFE?/)QLC
each wy = wgf”) € WFZY/ﬂ . With lwy |1 < 1/c, we have

with [[wx]|1 < 1/¢, and

U1 U2

)
— | =o0 __|__
m n

sup  sup max E{(fmn -T)*} - .

$ED(E) (f,9)EFa,n kx (kX kX }
ky €{k%,...kV}

as m,n — oQ.
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Asymptotic risk @

Theorem. Fixd € N, ¥ = (a, 8, A1, A2,7,C) € ©, & = (K1, K2, 87,85, L) € E.
Assume that ¢ < 1/2, 7 > 1/85, 72 > 1/53 and that v > ~,. > 0.
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each wy = wgf”) € WFZY/ﬂ . With lwy |1 < 1/c, we have

with [[wx]|1 < 1/¢, and

U1 U2

)
— | =o0 __|__
m n

sup  sup max E{(fmn -T)*} - .

$ED(E) (f,9)EFa,n kx (kX kX }
ky €{k%,...kV}

as m,n — co. We can take, e.g., kx = mt/Pi logm, ky = nl/Pz log n.
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&

Asymptotic normality

Let

]_:.d_ﬂ = {(f, 9) € Fap: / f(x)4g(x)*74zi§3dd7 dx < C,min(vy,ve) > Cl}.
x

Then, under slightly stronger conditions on 7, (k%) and (ky/),

Tn —T
sup sup max dk <£( — —— >,N(0, 1)) — 0.
$ED(E) (f,9)€Fa g kx €WK kX } {m=tv + nlup}1/2

T okye{k¥,.. kY )

This result can be used to obtain asymptotically valid confidence intervals for T
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Sketch of asymptotic normality proof &

Writing
Ou, v, 2) = d(u,v,2) = $(u,g(2), 2) — d(f(2),0,2) + ¢(f(2), g(x), z)
we have that q@(f(x)g(a:),x) = do (f(x%g(m),:r) = don (f(x),g(m),:r) =0.
We can therefore linearise the unweighted estimator Tm’n, and write
T — BT = T — ETD 4 TC), ~ET®), 4+ 0, (m~1/2 4 n=1/2),

where

P
mo— \mVap(y i x

T = ;i{cb(f(Xi) kY,Xi) - ¢<f(Xi)’9(Xi)aXi>}~

) d
i—1 nvdp(ky),iyY

Richard J. Samworth 17/25



Sketch of asymptotic normality proof

Moreover, T,Sf,)n - Eﬁ(,i)n =7 BT + 0,(m~1/2), where

ky

”Vd/’((iky )1,y

j:;(lz) = ]E|:¢<f(X1)7 7X1) ‘ Y17"'7Y77«:| 7T(f’g)

Hence
Tonn — BT = TV —ETD + T — BT + 0,(m~2 4 n~1/?),

and we have approximated fm’n by a sum of a random variable that depends
only on X1, ..., X,, and another that depends only on Y7,...,Y,,.

Richard J. Samworth
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Sketch of asymptotic normality proof U

For T\, we can partition {z : f(z)Mjg(z)~* > kn™! log? n} using the
Voronoi cells associated to a Poisson process with intensity 7> (+). Distant cells
are roughly independent and the CLT of Baldi and Rinott (1989) can be applied.
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The super-oracle phenomenon

&

Given access to the unknown {f(X1),..., f(Xm),9(X1),...,9(Xm)}, the
natural oracle estimator of T is

This is unbiased, and m'/?(T}*, — T) 4 N(0,02), where 02 := Vary ¢x, .
Let Fj 5 = {(f7g) € Fa : min(vy, v2) > C‘l}.

Under the conditions of our asymptotic risk result,

E —T)? 2
sup sup fg{ mn ) } g /m

max o —>
BER(E) (1.9)EF] o kx U - k¥ ) Ef{(Tz, —T)2} wi/m+uwa/n
Ye{kY> 7kY}

as m,n — oo.

Richard J. Samworth
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Implications

Er (T —T)> 2
sup sup f,g{( , ) } g /m

max . — 1
9ED(E) (9)EFs , hx € Rk kY ) Ef{(Ty, —T)?} vi/m+uva/n
kYG{ky, k:Y}

Suppose that A := limsup,,_, ., m/n € [0,00). If 02/(v1 + Avg) > 1, then the
worst-case risk of T}, ,, is asymptotically better than that of 77}, and we have an

illustration of the super-oracle phenomenon.

One- sample functionals correspond to A = 0, and the Rényi-type functional
Jga f(2)" dx with k € (1/2,1) provides such an example, since v1 /02 = k.

In general, the phenomenon occurs if and only if

2Covs(dx,, (fP10)x,) < —Varg(féio)x, — Ava.
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Local asymptotic minimax lower bound w s

%

Fixd € N, ¥ = (a, 8, M1, A2, 7,C) € O.

Let m = m,, be any sequence of positive integers such that m/n — A for some
A €[0,00], let (f,g) € Fa,9 and let (T, ,,) be any estimator sequence.

Write Z for the set of finite subsets of R?.
Then, for ¢ belonging to a slightly restricted class of functionals ®, there exists a

least favourable sub-model { P, ; : t € R?} such that

{Tm,n B T(f, g)}2 > 1.

sup lim inf maxEp_
JeT n—oo tel o m‘lvl(f, g) T n_lv2(f7 g)
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- |
Local asymptotic minimax lower bound ww, v &

Fixd € N, ¥ = (a, 8, M1, A2, 7,C) € O.

Let m = m,, be any sequence of positive integers such that m/n — A for some
A €[0,00], let (f,g) € Fa,9 and let (T, ,,) be any estimator sequence.

Write Z for the set of finite subsets of R?.
Then, for ¢ belonging to a slightly restricted class of functionals @, there exists a

least favourable sub-model { P, ; : t € R?} such that

{Tm,n B T(f, g)}2 > 1.

sup lim inf maxEp_
Jex n—oo tel o m‘lvl(f,g)-i-n_lw(f,g)

Moreover, there exists tg = to(d, 9, ®) > 0 such that, for any ¢t € (—tg, o)?, the
density of P, ; belongs to F, 5, where 9= (o, B, A1, A2, 7, C/to) for some
suitable B > 0.
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Summary %

> Nearest neighbour methods provide a conceptually simple and
computationally efficient way of estimating functionals.
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Main reference:

» Berrett, T. B. and Samworth, R. J. (2019) Efficient functional estimation and
the super-oracle phenomenon. https://arxiv.org/abs/1904.09347.
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Happy Birthday Dude, Where is the Party? :D

—

- .
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