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Two-sample functionals

We consider estimation of functionals of the form

T = T (f, g) :=

∫
X
f(x)φ

(
f(x), g(x), x

)
dx,

where X := {x ∈ Rd : f(x) > 0, g(x) > 0}, using independent d-dimensional
observations X1, . . . , Xm, Y1, . . . , Yn, where X1, . . . , Xm ∼ f , Y1, . . . , Yn ∼ g.

Examples:

(i) ϕ-divergences, including TV, Hellinger distances, KL and Rényi divergences

(ii)
∫
Rd fg

(iii) One-sample functionals of the form

H = H(f) :=

∫
{x:f(x)>0}

f(x)ψ
(
f(x), x

)
dx,

such as Shannon and Rényi entropies.
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Applications

Tests of normality (Vasicek, 1976), two-sample testing (Kanamori et al., 2012), dimension reduction
(Huber, 1985), image alignment (Viola and Wells 1997), independent component analysis (Comon, 1994),
estimation of intrinsic dimension (Carter et al., 2010) and estimation of information flows
in deep neural networks (Goldfeld et al., 2018).
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Non-smooth functionals

Many functionals of interest are non-smooth because of behaviour in
low-density regions. E.g.

• For Shannon entropy, ψ(u, x) = − log u

• For Rényi entropy, we take ψ(u, x) = uκ−1.

When f is bounded away from zero on its support, e�icient estimators (van der Vaart,

1998) are sometimes obtainable. E.g. when f is s-Hölder smooth on {x : f(x) > 0}
with s > d/4, Laurent (1996) constructed a Shannon entropy estimator Ĥm with

mE
[
{Ĥm −H(f)}2

]
→
∫
{x:f(x)>0}

f log2 f −H(f)2.

The limit is also obtained by the oracle estimator H∗m := − 1
m

∑m
i=1 log f(Xi),

and is optimal in a local asymptotic minimax sense (Ibragimov and Khasminskii, 1991; Laurent 1996).
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Alternative approaches

I Higher-order influence functions (Robins, Li, Tchetgen and van der Vaart, 2008; Robins, Li, Mukherjee, Tchetgen and

van der Vaart, 2017)

I Polynomial approximation (Cai and Low, 2011; Han, Jiao, Weissman and Wu, 2018)

I Sample spacings (El Haje Hussein and Golubev, 2009)

I Histograms (Hall and Morton, 1993)

I Kernel density estimates (Paninski and Yajima, 2008; Sricharan, Wei and Hero, 2013)

In density estimation, optimal rates of convergence can be very di�erent when
densities with unbounded support are allowed (Donoho et al, 1996; Juditsky and Lambert-Lacroix, 2004;

Goldenshluger and Lepski, 2014).
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Nearest neighbour estimators

For kX ∈ [m− 1], kY ∈ [n], write ρ(kX),i,X for the distance between Xi and its
kX th nearest neighbour among {X1, . . . , Xm} \ {Xi}, and ρ(kY ),i,Y for the
distance between Xi and its kY th nearest neighbour among {Y1, . . . , Yn}.

Our starting point is the approximation

f(Xi)Vdρ
d
(kX),i,X ≈ kX/m,

where Vd := πd/2/Γ(1 + d/2) denotes the d-dimensional Lebesgue measure of
the unit Euclidean ball in Rd.

This motivates the initial estimator

T̃m,n = T̃m,n,kX ,kY :=
1

m

m∑
i=1

φ

(
kX

mVdρd(kX),i,X

,
kY

nVdρd(kY ),i,Y

, Xi

)
.
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Initial classes of densities

For β > 0, let β := dβe − 1, and when f(x) > 0 let

Mf,β(x) := inf

{
M ≥ 1 : max

t∈[β]

(
‖f (t)(x)‖
f(x)

)1/t

∨
sup

y,z∈Bx({2d1/2M}−1),
z 6=y

(
‖f (β)(z)−f (β)(y)‖
f(x)‖z − y‖β−β

)1/β

≤M

}
;

E.g. if f is uniform on B0(1), then Mf,β(x) = {2d1/2(1− ‖x‖)}−1 for ‖x‖ < 1.

For θ = (α, β, λ, C) ∈ (0,∞)4, let

Gd,θ :=

{
f : µα(f) ≤ C, ‖f‖∞ ≤ C,

∫
{x:f(x)>0}

f(x)
{Mf,β(x)d

f(x)

}λ
dx ≤ C

}
.
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Examples

I Gaussian densities belong to Gd,θ for any α, β > 0, λ ∈ (0, 1) and
su�iciently large C > 0.

I Multivariate-t densities with ν degrees of freedom belong to Gd,θ for any
α ∈ (0, ν), any β > 0, λ ∈

(
0, ν

ν+d

)
and C > 0 su�iciently large.

I The Beta-type density f(x) ∝d,a,b ‖x‖a−1(1− ‖x‖)b−1
1{‖x‖≤1} belongs

to Gd,θ for any α, β > 0, λ ∈
(
0, b

b+d−1

)
, and C ≥ C0 = C0(α, β, λ) > 0.

In particular, the U [−1, 1] density belongs to G1,(α,β,λ,C) for any α, β > 0,
λ ∈ (0, 1) and C ≥ 1/(1− λ).
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Main classes of densities

Let Fd denote the class of all densities on Rd.

For Θ = (0,∞)6, ϑ = (α, β, λ1, λ2, γ, C) ∈ Θ, let Mβ(x) := Mf,β(x)∨Mg,β(x)

and set

Fd,ϑ :=

{
(f, g) ∈ Gd,(α,β,λ1,C) ×Fd : µC−1(g) ≤ C, ‖g‖∞ ≤ C∫
X

f(x)2

g(x)γ
dx ≤ C,

∫
X
f(x)

[{Mβ(x)d

f(x)

}λ1

+
{Mβ(x)d

g(x)

}λ2
]
dx ≤ C

}
.

The third requirement can be thought of as a quantitative absolute continuity
condition.
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Classes of functionals
Let Ξ := [0,∞)2 × (0,∞)2 × (1,∞) and Z := (0,∞)2 × Rd. For
ξ = (κ1, κ2, β

∗
1 , β
∗
2 , L) ∈ Ξ, let Φ ≡ Φ(ξ) denote all φ : Z → R for which

(i) writing β∗
1

:= dβ∗1e − 1 and β∗
2

:= dβ∗2e − 1, the partial derivative φβ∗
1
β∗
2

exists; also, for ε = (ε1, ε2, 0) ∈
(
− 1
L ,

1
L

)2 × {0} and z = (u, v, x) ∈ Z ,∣∣∣φ(z+ε◦z)−T φβ∗
1
,β∗

2

(z;uε1, vε2)
∣∣∣ ≤ L(u−κ1∨uL)(v−κ2∨vL)(|ε1|β

∗
1 +|ε2|β

∗
2 );

(ii) for z = (u, v, x) ∈ Z , l1 ∈ [β∗
1
] and l2 ∈ [β∗

2
],∣∣ul1vl2φl1l2(z)

∣∣ ≤ L(u−κ1 ∨ uL)(v−κ2 ∨ vL);

(iii) writing Er := {0}2 ×B0(r), as r ↘ 0 we have

sup
ε∈Er

sup
z∈Z

max

{∣∣∣∣φ(z + ε)

φ(z)
− 1

∣∣∣∣, ∣∣∣∣φ10(z + ε)

φ10(z)
− 1

∣∣∣∣, ∣∣∣∣φ01(z + ε)

φ01(z)
− 1

∣∣∣∣}→ 0.
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sup
ε∈(−r,r)

sup
x∈Rd

∣∣∣∣w(x+ ε)

w(x)
− 1

∣∣∣∣ r↘0→ 0.
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Weighted estimators

For k, I ∈ N and c ∈ (0, 1), define [I]+ := {0, 1 . . . , I} and

W(k)
I,c :=

{
w = (w1, . . . , wk) ∈ Rk :

k∑
j=1

wj = 1 and wj = 0 for j < ck,

k∑
j=1

j
2l
d −iwj = 0 for (l, i) ∈

([
dd/2e − 1

]+ × [I]+
)
\ {(0, 0)}

}
.

Fixing ξ = (κ1, κ2, β
∗
1 , β
∗
2 , L) ∈ Ξ and c ∈ (0, 1), and for wX ∈ W(kX)

dβ∗
1
/2e,c and

wY ∈ W(kY )
dβ∗

2
/2e,c, we can now define our weighted functional estimators as

T̂m,n = T̂wX ,wYm,n :=

kX∑
jX=1

kY∑
jY =1

wX,jXwY,jY T̃m,n,jX ,jY .
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Final preliminaries...

For x ∈ Rd, let φx := φ(f(x), g(x), x), (fφ10)x := f(x)φ10(f(x), g(x), x) and
(fφ01)x := f(x)φ01(f(x), g(x), x). Set

v1 = v1(f, g) := Var
(
φX1

+ (fφ10)X1

)
and v2 = v2(f, g) := Var

(
(fφ01)Y1

)
.

Fixing d ∈ N, ϑ = (α, β, λ1, λ2, γ, C) ∈ Θ and ξ = (κ1, κ2, β
∗
1 , β
∗
2 , L) ∈ Ξ, set

ζ :=
κ1

λ1
+
κ2

λ2
+
d(κ1 + κ2)

α

τ1 := 1−max

(
d

2β
,

d

2(2 ∧ β) + d
,
d

4β∗1
,

1

2λ1(1− ζ)

)
τ2 := 1−max

(
d

2β
,

d

2(2 ∧ β) + d
,
d

4β∗2
,

1

2λ2(1− ζ)

)
γ∗ :=

(2α+ d)(1 + 2κ2)

2α+ d− 2(α+ d)κ1
.
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Asymptotic risk

Theorem. Fix d ∈ N, ϑ = (α, β, λ1, λ2, γ, C) ∈ Θ, ξ = (κ1, κ2, β
∗
1 , β
∗
2 , L) ∈ Ξ.

Assume that ζ < 1/2, τ1 > 1/β∗1 , τ2 > 1/β∗2 and that γ > γ∗ > 0.

Let (kL
X), (kL

Y ), (kU
X) and (kU

Y ) satisfy kL
Xm

−1/β∗
1 ∧ kL

Y n
−1/β∗

2 →∞ and
kU
Xm

−(τ1−ε) ∨ kU
Y n
−(τ2−ε) → 0 for some ε > 0.

Then for each c ∈ (0, 1), each wX = w
(kX)
X ∈ W(kX)

dβ∗
1
/2e,c with ‖wX‖1 ≤ 1/c, and

each wY = w
(kY )
Y ∈ W(kY )

dβ∗
2
/2e,c with ‖wY ‖1 ≤ 1/c, we have

sup
φ∈Φ(ξ)

sup
(f,g)∈Fd,ϑ

max
kX∈{kLX ,...,k

U
X}

kY ∈{kLY ,...,k
U
Y }

∣∣∣∣E{(T̂m,n − T )2
}
− v1

m
− v2

n

∣∣∣∣ = o

(
1

m
+

1

n

)

as m,n→∞. We can take, e.g., kX = m1/β∗
1 logm, kY = n1/β∗

2 log n.
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Asymptotic normality

Let

F̃d,ϑ :=

{
(f, g) ∈ Fd,ϑ :

∫
X
f(x)4g(x)−

4α+3d
2α+d γ dx ≤ C,min(v1, v2) ≥ C−1

}
.

Then, under slightly stronger conditions on γ, (kU
X) and (kU

Y ),

sup
φ∈Φ(ξ)

sup
(f,g)∈F̃d,ϑ

max
kX∈{kLX ,...,k

U
X}

kY ∈{kLY ,...,k
U
Y }

dK

(
L
(

T̂m,n − T
{m−1v1 + n−1v2}1/2

)
, N(0, 1)

)
→ 0.

This result can be used to obtain asymptotically valid confidence intervals for T .
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Sketch of asymptotic normality proof

Writing

φ̃(u, v, x) := φ(u, v, x)− φ
(
u, g(x), x

)
− φ

(
f(x), v, x

)
+ φ

(
f(x), g(x), x

)
we have that φ̃

(
f(x), g(x), x

)
≡ φ̃10

(
f(x), g(x), x

)
≡ φ̃01

(
f(x), g(x), x

)
≡ 0.

We can therefore linearise the unweighted estimator T̃m,n, and write

T̃m,n − ET̃m,n = T̃ (1)
m − ET̃ (1)

m + T̃ (2)
m,n − ET̃ (2)

m,n + op(m
−1/2 + n−1/2),

where

T̃ (1)
m :=

1

m

m∑
i=1

φ

(
kX

mVdρd(kX),i,X

, g(Xi), Xi

)

T̃ (2)
m,n :=

1

m

m∑
i=1

{
φ

(
f(Xi),

kY
nVdρd(kY ),i,Y

, Xi

)
− φ

(
f(Xi), g(Xi), Xi

)}
.
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Sketch of asymptotic normality proof

Moreover, T̃ (2)
m,n − ET̃ (2)

m,n = T̃
(2)
n − ET̃ (2)

n + op(m
−1/2), where

T̃ (2)
n := E

[
φ
(
f(X1),

kY
nVdρd(kY ),1,Y

, X1

) ∣∣∣∣ Y1, . . . , Yn

]
− T (f, g).

Hence

T̃m,n − ET̃m,n = T̃ (1)
m − ET̃ (1)

m + T̃ (2)
n − ET̃ (2)

n + op(m
−1/2 + n−1/2),

and we have approximated T̃m,n by a sum of a random variable that depends
only on X1, . . . , Xm and another that depends only on Y1, . . . , Yn.
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Sketch of asymptotic normality proof

For T̃ (1)
m , we can partition

{
x : f(x)Mf,β(x)−d ≥ kn−1 log2 n

}
using the

Voronoi cells associated to a Poisson process with intensity m
kX
f(·). Distant cells

are roughly independent and the CLT of Baldi and Rino� (1989) can be applied.
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The super-oracle phenomenon

Given access to the unknown {f(X1), . . . , f(Xm), g(X1), . . . , g(Xm)}, the
natural oracle estimator of T is

T ∗m :=
1

m

m∑
i=1

φ
(
f(Xi), g(Xi), Xi

)
.

This is unbiased, and m1/2(T ∗m − T )
d→ N(0, σ2), where σ2 := Varf φX1

.

Let F∗d,ϑ :=
{

(f, g) ∈ Fd,ϑ : min(v1, v2) ≥ C−1
}

.

Under the conditions of our asymptotic risk result,

sup
φ∈Φ(ξ)

sup
(f,g)∈F∗

d,ϑ

max
kX∈{kLX ,...,k

U
X}

kY ∈{kLY ,...,k
U
Y }

Ef,g
{

(T̂m,n − T )2
}

Ef
{

(T ∗m − T )2
} · σ2/m

v1/m+ v2/n
→ 1

as m,n→∞.
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Implications

sup
φ∈Φ(ξ)

sup
(f,g)∈F∗

d,ϑ

max
kX∈{kLX ,...,k

U
X}

kY ∈{kLY ,...,k
U
Y }

Ef,g
{

(T̂m,n − T )2
}

Ef
{

(T ∗m − T )2
} · σ2/m

v1/m+ v2/n
→ 1.

Suppose that A := lim supn→∞m/n ∈ [0,∞). If σ2/(v1 +Av2) > 1, then the
worst-case risk of T̂m,n is asymptotically be�er than that of T ∗m, and we have an
illustration of the super-oracle phenomenon.

One-sample functionals correspond to A = 0, and the Rényi-type functional∫
Rd f(x)κ dx with κ ∈ (1/2, 1) provides such an example, since v1/σ

2 = κ2.

In general, the phenomenon occurs if and only if

2Covf (φX1
, (fφ10)X1

) < −Varf (fφ10)X1
−Av2.
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Local asymptotic minimax lower bound (vdV, 1998)

Fix d ∈ N, ϑ = (α, β, λ1, λ2, γ, C) ∈ Θ.

Let m = mn be any sequence of positive integers such that m/n→ A for some
A ∈ [0,∞], let (f, g) ∈ Fd,ϑ and let (Tm,n) be any estimator sequence.

Write I for the set of finite subsets of R2.

Then, for φ belonging to a slightly restricted class of functionals Φ̃, there exists a
least favourable sub-model {Pn,t : t ∈ R2} such that

sup
I∈I

lim inf
n→∞

max
t∈I

EPn,t
[

{Tm,n − T (f, g)}2

m−1v1(f, g) + n−1v2(f, g)

]
≥ 1.

Moreover, there exists t0 = t0(d, ϑ, Φ̃) > 0 such that, for any t ∈ (−t0, t0)2, the
density of Pn,t belongs to Fd,ϑ̃, where ϑ̃ = (α, β̃, λ1, λ2, γ, C/t0) for some
suitable β̃ > 0.
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Summary

I Nearest neighbour methods provide a conceptually simple and
computationally e�icient way of estimating functionals.

I When d ≥ 4, weighted versions are required for e�iciency.

I It may be the case that the worst-case risk is be�er than that of the natural
oracle estimator.

Main reference:

I Berre�, T. B. and Samworth, R. J. (2019) E�icient functional estimation and
the super-oracle phenomenon. https://arxiv.org/abs/1904.09347.
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