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problem and motivation



unsupervised sequential learning and classification

SUMMARY

Coherent Bayes sequential learning and classification procedures are often useless in
practice because of ever-increasing computational requirements. On the other hand,
computationally feasible procedures may not resemble the coherent solution, nor
guarantee consistent learning and classification. In this paper, a particular form of
classification problem is considered and a ‘“quasi-Bayes” approximate solution
requiring minimal computation is motivated and defined. Convergence properties are
established and a numerical illustration provided.

Keywords: SEQUENTIAL; CLASSIFICATION; BAYESIAN; PATTERN RECOGNITION; STOCHASTIC
APPROXIMATION; MIXTURES

1. INTRODUCTION

IN this paper, we shall consider a problem of unsupervised sequential learning and classification
that has received much attention in the contexts of Pattern Recognition and Signal Detection.

A sequence of (possibly vector-valued) observations x;,Xg, ..., X, ..., is obtained, each
belonging to one of k (>2) exclusive populations IT;, Iy, ..., IT;, (for example, “pattern types”
or “signal sources”). For each n, the nth observation is to be classified on the basis of the
observed values xy, X,. ..., X, and without any feedback concerning the correctness, or other-
wise, of previous classifications.

We shall consider the situation in which, conditional on 0 = (6,, 0,, ..., 6;)T and density
functions f},f;, ....fi» We may assume that the random variables %, are independent, with
probability densities

Sn] 0) = O1fi(xn)+ On o)+ ..+ Opfi(xn), )]

where the 0;’s are non-negative and sum to unity. The density f; specifies the probability
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sequential learning on the mixing distribution G

Bayesian DP mixture model
X 10, " f(x]6)
;16 © G, withG~n

Integrating the 0; out
X1 6 % Fo(x) = [ f(x] 6)dG(6)

Interest in sequentially estimating G, (or the mixing density g), as
new data arrive.

The Bayesian estimate, w.r.t. quadratic loss, is
GB¥(-) = E(G() | x1:n) = P(Onr1 € - | x1:n)

Thus, the problem can be rephrased as recursive prediction.



Approximate Bayesian solutions

The Bayesian solution is clear, but computationally demanding,

especially with streaming data and online learning

In the information- vs computation-efficiency trade-off, slightly less
efficient but more tractable models are an attractive compromise.

— Algorithms that can give a fast, although approximate, solution
are often designed as approximation of an optimal, but
computationally intractable, Bayesian solution (e.g. ABC,
variational Bayes,..; and recent sequential VB,...)

Yet, what properties? Understanding how close these approximate
solutions are to the Bayesian solution is often difficult. Some
results on frequentist properties (e.g. consistency of VB)

But, their Bayesian motivation gets lost..



A sequential procedure for mixtures

Motivated by computations in Dirichlet process (DP) mixture
models, M. Newton et al. 1 proposed a recursive estimate for G
that starts at Gp and for n > 1 recursively computes

Ga(A) = (1 — an)Gn1(A) + 3nPG, (0 | %0)

with a; € (0,1); a default choice is a, = a%rn; or, > :aj =00 and
Y a2 < oo.

This extends the quasi-Bayes sequential procedure by Smith & Makov

(1978) for recursive learning and classification.

!Newton and Zhang, 1999; Newton, Quintana & Zhang (1998); Newton, 2002



Frequentist consistency

Convergence results have proven the validity of the recursive rule
G, as a consistent frequentist estimator of G, for some classes of
mixture models.

Newton's rule as a stochastic approximation sequence ( Smith &
Makov (1978), Martin and Ghosh (2008))

Ghosh and Todkar (2006); Tokdar, Martin & Ghosh (Ann Stat, 2009)

But the original motivation, providing a fast approximation of a
sequential Bayesian procedure, gets lost.. Given the huge
popularity of DP and BNP mixture models, one would like to know
if, and, in case, what Bayesian model one is approximating...

10



quasi-Bayes properties?

Still, Newton's algorithm is simple and fast, and quite popular.
But, is it an approximation of the Bayesian estimate from an
exchangeable DP mixture model?

— In fact, it is not exchangeable: the estimate depends on the
ordering of xy,...,x,!!

— In fact, it is used to estimate the mixing density, g. But the DP
a.s. selects discrete G.

In what sense, then, it is a quasi-Bayes procedure?

11



A new look at Newton'’s algorithm (and, a new prior for BNP?)

Our key to address the question is to regard the algorithm as a

predictive learning rule. That is,

Gn() = P(en—i-l Eo ’ Xl:n)7 n>1

e What is the implied model?

e Is it, and in what sense, an approximation of a Bayesian
mixture model? for what prior? Not a DP...perhaps a prior on
absolutely continuous G?

e And, the algorithm only gives a point estimate. A Bayesian
procedure would express the uncertainty. Can we provide a
posterior distrution?

e Can we give hints for tuning the algorithm, attenuating the

dependence of the estimate on the ordering?

12
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Predictive approach

*In the hypothetical Bayesian (exchangeable) model:
Xi |6 4 p(x|0), 6~ 7w(0), which defines the law P of (X,), and

the predictive distributions
P”() = P(Xn+1 S ’ Xl:n)7 n> l,With X1 ~ 'DO

* In a predictive approach, one starts from assumptions on the
predictive learning rule (P,), n > 1. The sequence (Pp)
characterizes the law P of (X}) (lonescu-Tulcea).

If such P is exchangeable, then, P-a.s.,
P, = F directing random measure

~ iid ~ =
and X; | F = F; the prior on F is the induced law of the limit.

13



Quasi-Bayes models

Given the predictive rule (P,), the induced law P of (X,) may not
be exchangeable. Still, (Aldous, 1983)

if P, converges, to a random probability measure l-_ then (X,) is
asymptotically exchangeable

d
(Xn+1, X,,Jrg, 5 e ) — (Zl, Zg, 5o )
where (Z,) is exchangeable with directing random measure F.
~ iid ~

Roughly speaking, for large n, X, | F = F.

We say that P is a quasi-Bayes approximation of the
exchangeable limit law.

14



Many predictive characterizations are based on stochastic

processes with reinforcement (review: Pemantle, 2007)

* k color Pdlya urn: P is exchangeable, and the prior is Dirichlet
distribution

* Blackwell & MacQueen Pdlya sequences:
Fo(- T (- 1 1
@ O( ) +Z':1 '( ) = (1 — 7)Pn—1 + 75&7
a—+n a—+n a—+n
P is exchangeable, and P, — F in total variation, P-a.s., where
F ~ DP(aFp). Such F is a.s. discrete.

Pn(‘) =

* Measure-valued Pdélya sequences (Newton et al. (1999), Bandyopadhyay
& Thacker (2016), Mailler and Marckert(2017), Janson, 2019)

Pa(-) = (1 — an)Pn-1(-) + anRx,(*)

ii5)



Conditionally identically distributed sequences (c.i.d.)

New priors for BNP? Find Ry, (-) such that

1. (Py) is a measure valued martingale
2. (Xp,) is stationary

and study the limit of P,.
Thm (Berti, Pratelli, Rigo, Ann.Prob. 2013). If (X,) is c.i.d., then
F << XP-as iff P,<<Xand P, — Fin TV, P-as.

c.i.d. equivalent to (1):

Xoik | Xtn 2 Xni1 | Xiin, forany n>0and k> 1,

Thm.(Kallenberg, 1988) (X,) exchangeable iff (X,) is c.i.d. and

stationary

16



We show that Newton's predictive learning rule replaces
exchangeability with a c.i.d. stochastic dependence; in fact, with
a more general notion of c.i.d. w.r.t. a filtration (F,)

Def. Berti, Pratelli, Rigo (2004): (Xj) is c.i.d. w.r.t. a filtration (F),)
if the X; are identically distributed and

Xn+k’anXn+1’fn, k21,n21

Newton: F, = U(Xl:na el:n)

17
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Sequential estimation of the mixing distribution

Recursively estimate the mixing distribution G

X; | 6; % fo(x) = / k(x| 6)dG(6)

Hierarchical formulation:

ind
Xi | (0n) ~ k(x]0;)
0;| G 4@, exchangeable

G ~ prior; e.g., G ~ DP(aGyp).

18



Bayesian solution

Bayesian point estimate of G (quadratic loss)
GiP¥)(-) = E(G(") | x1:0) = P(6n+1 € - | Xu:n)
= E(P(9n+1 S ‘ 91:,,) | Xl:n)

OéG()(A) + 27:1 59i) ‘ 1. )
a+n 1:n

n—1
Go(A 1
— 0‘07()+ ZP(9i€'|X1:n)
i=1

:E(

o+ n a—i—n,:

- A lpg e Al x. 1
_ atn—1laGA)+di, PB€A|xn) | P oues (0 € A | X,)
a-+n a+n-—1 a+n “n-1

One would be tempted by a recursive form

ayes 1 Bayes) 1
GBS (A) = (1 — GBS (A) + —P(0, € Al x1n
(A) = (1 )6ETA) 4 Pl € A x10)
BUT, the blue term above is NOT G{5%%) because it

incorporates the info in x, 1



Recursive estimate

Recursive estimate: start at Gy and for n > 1 recursively compute

Gn(A) = (1 —an)Gh_1(A) +anPg, ,(bn | xn)

with a; € (0,1); a "default choice” is a, = a%rn; or, > ;aj = 00

2
and ) ;ar < oo.

We recognize a measure-valued Polya urn flavor but the
reinforcment measure depends on x,..

20



Results. quasi-Bayes properties

We regard Newton's rule as a predictive learning rule:

X | 0n ™ k(-] 0)
6n+1 | Xin ~ G, n>1, with#; ~ Gp.

What model are we actually using?
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The (65), thus the (X;), are no longer exchangeable. Thus, there
is no G such that 6, | G Le.

BUT

Result such G exists asymptotically: G, converges to a random
distribution G, a.s.
If the mixture is identifiable, the sequence (6,) is asymptotically

. jid
exchangeable, with 6, | G ~ G for large n.
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The (0,), thus the (X,), are no longer exchangeable. Thus, there
is no G such that 6, | G ~ Le.

BUT

Result such G exists asymptotically: G, converges to a random
distribution G, a.s.
If the mixture is identifiable, the sequence (6,) is asymptotically

. jid
exchangeable, with 6, | G ~ G for large n.

Result the (X, ) are c.i.d.. The predictive density converges in TV
to a mixture fg(x) = [ k(x | 8)dG(6), and (X,) is asymptotically
exchangeable. Informally, for n large,
X | G2 fox) = /k(x 16)dG(6).
In this sense, Newton's rule is a quasi-Bayes mixture model, with
prior distribution on G induced by the law P of (X,). 22



* In some problems, stationarity may actually be broken by
forms of selection, competition, or by interventions whose
effect tends to vanish. (cfr following example)

* Or, it's just a convenient assumption for computational
tractability. Then we do want, at least, an asymptotic

exchangeable mixture model!

* Notice that G is in general different from the original prior
(e.g. DP): Newton's model is changing the prior.

Thm Under fairly mild conditions, if Gy is abs continuous then G

is abs continuous, P-a.s.

23



Example: non-stationary mixture

Suppose data are collected over time, after a campaign that has an
unpredictable effect on the population, that tends to vanish.
Then, the 6; are not exchangeable: order (time) matters. Thus,
their probability law cannot be represented as 6; | G e, Rather,
one could think of a sequence Gp, :

0, | Go % Gy
Unpredictable: the conditional law of the new @n is a DP centered

on the current estimate G,_1
é.n | Xl:nflagl:nfl ~ DP((a +n— 1)Gn71)

In this case, Newton's one-step-ahead update is THE Bayesian
estimate of @,, from the DP prior.

24



What loss of information?

For DP mixture models,

aGo() + 320, P(0i € - | x1:n)
a-+n

G (-) = P(0n+1 € - | x1:n) =
Regarding Newton's rule as a predictive learning rule, we can show
that

OéGo(A) + 27:1 P(G, cA | X1:,')
a+n

Gh(A) = P(Opy1 € - | x1:n) =

Intuitively, the loss of information is small if the loss due to the
latent nature of the 8, is small.

25



Simulation study: prior on G

Location mixture of Gaussians, 2 known.

If 02 is small, G has a prior close to a DP (but abs. continuous!)

Law of G(0) estimated mixing density

v
00 02 04 06 08 10

60 theta

Law of G(0) estimated mixing density

00 0z 04 08 08 10

Figure 1: Prior on G(0) (left; dotted: DP (Beta)) and estimated mixing

density (right). o = .01 (first raw) and 0® = 1 (second raw) o



Asymptotic posterior distribution &
credible intervals




Asymptotic posterior distribution

Although the prior is only implicitly defined, we can give results on
the induced asymptotic posterior distribution.

Indeed, a Bayesian mixture model would offer more than the point
estimate provided by the algorithm.

To be quasi-Bayes, we want a full posterior distribution of G | x1..

We provide an a.s. asymptotic Gaussian approximation of the
posterior law of (G(A1),..., G(Ak)), given xi.,. For brevity, here
k=1.

27



For any measurable set A, let
v - | Pe(A | x)2dFo(x) — G(A)?
{x:fe (x)#0}

and consider

Vo= [ Pa,(A ] xPdFe,(x) ~ Gn(A)?

Lemma: For any measurable A, V,(A) — V(A) as.

28



Thm. Let (a,) satisfy >, a, =00 and ), a2 < oo and let (r,) be
a monotone sequence of positive numbers such that
rn~ (X gapazr) tasn—oo. If

Vrmsup ax — 0 and E r,faﬁﬂ < 00,
kzn k>1

then, for every measurable A,
P(V/rn(G(A) — Gn(A)) < t | Xi:p) = ®(t | 0, Va).

If ay = (o + n)~F with 1/2 < 8 <1 and a > 0, then the above
holds with r, = (28 — 1)n?5~1.

Remark: V4 = 0 if and if G(A) is either zero or one.

29



In the previous result, the limit variance Vj is unknown, depending on G.
Replacing the random V4 with the convergent estimate V/, 4 is not so
direct as using Cramér-Slutzky Theorem in standard i.i.d. settings; but

we get

Theorem Let (0,,X,) ~ P and G = lim G,. Then, under the
same assumptions as before, for almost all w = (x1, x2,...) such

that VA(UJ) >0,
G(A) — Ga(A)

PV

Ex: ap =1/(a + n), then r, = n.

<t|x1n) = ®(t]0,1).

This allows to obtain asymptotic credible intervals for G(A),
given x1.,. If Va4 #0,

P(Gn(A)*Zlffy/Z\/ V,,,A/n < G(A) < Gn(A)+Zlf,\//2 V,,,A/n| Xl:n) ~ 1*’}/

30



Remark 1. These results differ from Berstein-von-Mises types of
theorems, which are states a.s.-Pg . They inform about the rate
of convergence of G,(A) = G,(-)(x1:n) to the limit
G(A)(x1,x2,...), a.s. P.

Remark 2. The lack of exchangeability implies that the estimates
obtained by Newton's algorithm depend on the ordering of the
observations . Newton et al, Todkar, Martin, Ghosh (2009): use an
average over permutations of the sample.

— Having better understood what is the probabilistic model
underlying Newton's learning rule gives practical insights on how
tuning the algorithm to attenuate the effect of the ordering

In the following plots

B 1/(a+n)  for n <500
"] 1/(a+n)3*  for n > 500

with o« = 100.

31



Tuning the weights to attenuate the effect of the order

000 010 02 030
~,
>4
—
-
E
00 o 02 om0

000 010 020 030

Vs ',\/ \
/ P 2
. ¥ .
s 0 s = o s
neta et

g
000 010 02 03
g

000 010 020 030

I
1>
L‘>

o
000 010 020 030
o

000 010 02 030
o
000 010 020 030

Figure 2: Newton's recursive estimate of the mixing density (black). The data in

the first column are a simulated

32
random sample of size 1000 from a location mixture



(marginal) credible intervals for G

-4 -2 0 2 4 -4 -2 0 2 4
theta theta
Figure 3: Recursive estimate of the mixing distribution: marginal asymptotic 0.95 33

credible intervals for G(t;), for t; as evidenced in the plot. The black line is the true
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discussion

e Newton et al.’s recursive algorithm requires to evaluate an
integral at each step.
A clever recursive algorithm, that avoids this difficulty: Hahn,
Martin, Walker (2018).

e Developments for multivariate mixtures, and dependent
mixture models: Cappello & Walker (2018).
Extensions of our results to dependent mixtures might exploit
the notion of families of partially c.i.d. sequences (Fortini &
P. & Sporysheva, 2017).

thank you, and... buon compleanno, Aad,
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