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1. Introduction - Statistical model

Probability density model. Given X1, ..., X,, i.i.d. random variables
on (x = [0,1], B), with common probability density function (pdf)

f : [07 ]-] - Rer

the model is the collection of these probability distributions :

P= (P, feF).

We want to estimate f.
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on (x = [0,1], B), with common probability density function (pdf)

f : [Oa ]-] - Rer

the model is the collection of these probability distributions :

P= (P, feF).

We want to estimate f.

Confidentiality prevents us from publishing/using r.v. X5, ..., X,,.
Instead, we have to produce other random variables 71, ..., Z,
on (Z,.A), such that:

1. the information in the data is sufficiently anonymized

2. we can still recover some information about f out of Z's.
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The initial sample X = (X1, ..., X;,) with law P™ is not observed.
Instead, we produce Z = (74, ..., Z,) with law

QP" = /Q(dz|X =z)dP"(x), x€]0,1]".

The Markov kernel defining the conditional distribution of Z/X = z via
Q(Alz)=P(Z e A|IX =z), foral Ac A z€]0,1]"
is also known as channel or privacy mechanism (PM).

Dwork et al., 2006 For « in (0, c0) fixed, a PM @ provides a— differential
privacy if, for all A € A and z, 2’ that only differ at one coordinate:

Q(Alz) < e*Q(Alz").

Note that: the smallest «, the strongest the privacy.
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We distinguish global vs. local privacy.

In global privacy, all data are trusted to someone, who produces
Z1, ..., Zp and publishes these r.v. - not realistic to trust one
person/machine with all data.

In local privacy, new r.v. Z; are produced using only one X; at a time.
However, interactions with other randomized Zj, k # i are possible,
and improving on the rates in some cases.

Examples of local PM:

a) non interactive mechanism: each Z; is produced given only X;;
b) sequentially interactive privacy mechanisms: Z; is produced given
Z17 vy ZZ‘,1 and Xi.



Local differentiable privacy

We write, e.g. for the sequentially interactive privacy mechanism that

Zi ~Qi(| X, Z1, ..., Zi—1), @ is a Markov kernel.

A PM {Q;,i=1,..,n} provides a—local differential privacy («—LDP) if

QiA| Xi=2,Z1=21,....,Zi-1 = 2i—1)
sup
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We write, e.g. for the sequentially interactive privacy mechanism that

Zi ~Qi(| X, Z1, ..., Zi—1), @ is a Markov kernel.

A PM {Q;,i=1,..,n} provides a—local differential privacy («—LDP) if

sup QiA| Xi=2,Z1=21,....,Zi-1 = 2i—1)
2eA QA Xy =2, Z1v =21,..., Zim1 = 2_1)

<exp(a), forall x# 2’

In the non-interactive case, the condition becomes

wp QALK =)

" "~ <exp(a), forallx#ux.
QAT X, =) = PP 7

Denote Q. the set of Markov kernels providing a—differential privacy
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Goals

We are interested in:

1. providing mechanism Q or {Q;}; in Q, (sufficient confidentiality if «
is small),
2. estimate f in an optimal way.

Questions:

- is the estimation rate deteriorated?
- if so, quantify the loss in the rate?

- check optimality of the rates over all possible estimators
and
over all possible mechanisms in Q7
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When X;'s are observed, we denote by

Ry, (Fs) i=inf sup Ef[||fu—fII7], r>1.
fn fEFs

In the private setup, we want to study the asymptotic behaviour of the
risk:

Ro(F):= inf sup Epgllfu—fI1), r>1
frn, QEQn fEFs

Here, we consider classes of Besov smooth functions, Fy = B;q,

s>%,1§p7q§oo.
These classes can also be sparse for some values of s, p, q.
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Here, we provide first adaptive results: both the privacy mechanism and the
estimator are free of all the parameters of the class.
We show an elbow effect too, and differences to the classical setup.



2. Results - Optimality

Theorem
Let o« € (0,00). We have

Ra(B; ) 2 (n(e® — 1)) 7=+
and for s > 1/p

o _1y2)\ "I
log(n(e 1)))

R(B;,) 2 (B

Also, obviously,
Rn(B;’q) > R;‘L(B;,q).
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n_%,
- . s=1/pt1/r)
R, (Bpg) = ( r

n 2(s—1/p)+1 i -
EED , ifp < 57y sparse case.

if p> 3577 dense case,




Classical setup

Theorem (Donoho, Johnstone, Kerkyacharian, Picard 1996, Hardle,

Kerkyacharian, Picard, Tsybakov 2000)

Wavelet estimators with sufficiently regular wavelets attain the minimax
rates (log — factors):
n_%,
- . s=1/pt1/r)
R, (Bpg) = ( r

n 2(s—1/p)+1 i -
EED , ifp < 57y sparse case.

if p> 3577 dense case,

" n _
Note an "elbow effect" at p = #H



Moreover, the dense case can be separated in

-the homogeneous case p > r, where the linear estimator

fn - Zaj0k¢]0k + Z Zﬂjk¢]k

J=Jo

attains the optimal rate, and

-the non-homogeneous case 3o < p <1, where any linear estimator is
suboptimal.



Instead, whenever p < 7 non-linear (thresholded) estimators with (3
replaced by

Bire = B - 1Bl > t5).

with the right choice of j; and t; are optimal.



Instead, whenever p < 7 non-linear (thresholded) estimators with (3

replaced by _ . .
Bix = Bjr - I(1Bjx] > t5).

with the right choice of j; and t; are optimal.

Adaptive results, i.e. estimators free of s, ..., are provided by nonlinear
estimators as well.
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¢ and ¢ are compactly supported on an interval [—A, A].

Let us construct the first noninteractive mechanism which is a—LDP:
fori=1,...,n,j€{-1,...,51}, define
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J ’(/}Jk( )+Clb2]; W”Iw If_] :JO;"WJI?]CE./V},

where W, are independent Laplace distributed random variables.
Note that |N;| ~ 27.

Indeed,
Z/X x )

H H gZIxX=a' )Sea’

j=jo—1keEN;

for all « # 2’ and zjy,.



Dense homogeneous case: p > r

Thus,

270/2

7= Qjok + Co =5
ik — /2
J ﬂjk+0¢2n

Wojom1kr J=Jo— 1,k €Nj—1
W,j,ka j:j07"'7j17k GJ\[j

are unbiased estimates of the true coefficients.

Theorem

The linear estimator

Z Z. jo—1,kPjok + Z Z Z.; k¥ik

Jj=jo k

with jo fixed and j; such that
20t = (naz)ﬁ,

yields
R.(B,,) < (na?)~"=EE Vo T EET,
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Note that for @ = a,, > n'/(25t1) the privacy is very low and the
classical rates can be attained.

As in the classical setup, the linear estimators cannot be optimal for

p<r.
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Let us construct the second noninteractive mechanism which is aa—LDP:
fori=1,...,n,j€{-1,..,51}, define

70 /2 . .
(X)) +ep 2 /'Wi,jo—l,k, if j =jo— 1,k €Nj_1,
ijk = - . .
! 1/’]k( )+C ju2 'Wijkn If.]:.]()a"wjhkej\/'ja

where v > 1 is fixed and W, are independent Laplace distributed
random variables.

The nonlinear estimator fn is defined for jo, j1, t;:

fn—ZZ,]o 1k¢]ok+ZZZ gk L1 Z. gl = ),

Jj>jo k

automatically adapts to the parameters of the class within some intervals.



For some integer N >0, let s € (1/p,N), 1 <p,q< oo, L € [L,L].

The nonlinear estimator fn with jo such that

. 1 1
9Jo — (na2)2(w+1)+2 A n2N+DFI

. oA it

and j1 = ji A j{

22j{' - no

~ log(na?)’

ju+% 25/2

attains the following rates for s > 1—17 up to log — factors,

s S .
T \Vi (TLO(Q) 7’25+27 /fp > s—i—Ll’
P . na? —oel/edl/n) -
PEES — e __ 2(s—1/p)+2 _r _r_
e ot Vv (log(naz)) =i/m) s if 2s+1 <p= s+1°
n _r(s=1/p+1/r) na _T(S(—1/7+)1/7‘) i ”
2(s—=1/p)+1 el 2(s—1/p)+2
(logn) C=i/p) v (Iog(na2)) P ’ pr = 2s+1°



Connection to inverse problems

In the case of non interactive PM, each observation Z; is obtained from
X;. Assume the PM has pdf ¢Z/X=2 then the pdf of Z;'s is

f2(2) = / X (2) f(w)dx = K f(2),

for some linear operator K.

In the particular case where ¢%/X=%(z) = q(z — x) we have a convolution
operator.



Connection to inverse problems

In the case of non interactive PM, each observation Z; is obtained from
X;. Assume the PM has pdf ¢Z/X=2 then the pdf of Z;'s is

120 = [P s = K £,
for some linear operator K.

In the particular case where ¢%/X=%(z) = q(z — x) we have a convolution
operator.

If K*K admits the eigenvalues A7 ~ k=27 as k — oo, we call p the
"difficulty’ of the inverse problem.

Note that the convolution with the Laplace distribution has 'difficulty’
p=2.



Kerkyacharian, Petrushev, Picard, Willer, 2007
considered a Gaussian white noise framework
dy(t) = Kf(t) +edW, telo0,1],

with the linear operator K having 'difficulty’ p.

The minimax rates are (up to log —factors)

n” I ATT if s> (p+ 3)(£ — 1) dense case
Ry(B,,) = o (s=1/p+1/7) - ? pl 7
n G ek 'fZ <s<(p+ 5)(% — 1) sparse case.

Local differentiable privacy acts as an inverse problems of 'difficulty’
1
p=3:



A globally and locally privatized

Happy Birthday Aad !
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