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Some historical considerations I

The search for some form of “universal estimator” is not new and,
as far as I know, goes back to Fisher and his work on the MLE
(maximum likelihood estimator). Since then, this estimator has
been analyzed by thousands of authors and used in many
situations. It has become a standard method although it is far
from being “universal” as showed by numerous counterexamples,
unfortunately not so well-known. In particular, it may not exist, or
not converge to the true unknown parameter and it is definitely
not robust and may be strongly affected by the presence of a small
number of outliers.
Well aware of these difficulties, Le Cam (1973 - 1975) designed a
new estimator based on tests between Hellinger balls which solved
part of these problems and, during the period 1977 - 1984, I
worked at modifying, improving, and extending this estimator.
Under some (not too restrictive) conditions this estimator could be
proved to have some optimality and robustness properties. I then
left the subject.
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Some historical considerations II

It is on the occasion of the statistical semester organized in Paris
in 2001, at Institut Henri Poincaré, to which some of the
colleagues who are present here today took an active part, that I
was pushed by the questions of some of them to go back to the
subject. This resulted in the construction of the T-estimators
(2006), a penalized and adaptive version of the estimators I worked
on in the 70’s. The “T” stands for “test” since all the estimators
that I mentioned are based on tests, as is the MLE.
T-estimators were definitely closer to being universal than the MLE
but with some quite serious limitations for their use in regression
(mainly boundedness of the parameter space).
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A new idea

I have been involved in various collaborations with Yannick Baraud
for more than 15 years and the idea of an alternative to
T-estimators came from him and is based on a new construction of
robust tests between two probabilities that appears in his 2010
paper. Given n i.i.d. observations with unknown distribution P?
and a known distribution P it is unfortunately not possible to
correctly estimate the Hellinger (or L1) distance between P and P?
but Baraud showed that if one has two probabilities P and Q, it is
possible to get a reasonable estimator of h2(P,P?)− h2(Q,P?)
and therefore to decide which of P or Q is closer to P?, at least
when the difference between these two distances is large enough.
That was the first step towards the construction of ρ-estimators
that I shall now sketch. The ρ-estimators are not quite “universal"
but probably more than the previous ones. All that I shall now
explain is joint work with Yannick and can be found in our recent
publications (to be found in the Bibliography).
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Back to the MLE
Although not typically presented this way, the MLE can be viewed as the result
of many simultaneous tests. To make things simple, let us work within the
following simple framework. One observes X = (X1, . . . ,Xn) an n-sample with
distribution Ps = s · µ and density s with respect to µ. The model for s is a
subset S of all probability densities with respect to µ and the log-likelihood LX
is the function on S given by

LX(t) =
n∑

i=1

log
(
t(Xi )

)
.

When we want to perform a test between u and v , we can look at the sign of
the log-likelihood ratio

L(X , u, v) =
n∑

i=1

log
Å

v(Xi )
u(Xi )

ã
= LX(v)− LX(u),

and we know that this is a good test if the true density is either u or v and Pu
and Pv are far enough from one another with respect to the Hellinger distance
h. If we perform all the tests of this form for all pairs (u, v) ∈ S2 we see that
there is a single winner of all tests which is the MLE: t̂n = argmaxt∈S LX(t).
Note that maximizing LX amounts to minimizing with respect to tï

sup
u∈S

LX(u)
ò
− LX(t) = sup

u∈S
[LX(u)− LX(t)] = sup

u∈S
L(X , t, u) = sup

u∈S

n∑
i=1

log
Å

u(Xi )
t(Xi )

ã
.
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An alternative to the MLE - 1
This finally leads to

t̂n = argmin
t∈S

sup
u∈S

n∑
i=1

log
Å

u(Xi )
t(Xi )

ã
.

Once one has recognized that many difficulties connected with the MLE are due
to the unboundedeness of the log function, a natural idea is to try to replace, in
the last formula, the log function by a bounded function ϕ such that the sign of

n∑
i=1

ϕ

Å
u(Xi )
t(Xi )

ã
provides a reasonable alternative to the likelihood ratio test given by the sign of
L(X , u, t). It happens that such a function does exist, namely

ϕ(x) = 4
√

x − 1√
x + 1

for all x > 0,

a function which, like the log function, is increasing, concave and satisfies
ϕ(1/x) = −ϕ(x). In fact, these two functions (ϕ and log) coincide at x = 1,
their first and second derivatives as well and

0.99 < ϕ(x)
log x 6 1 and |ϕ(x)− log x | 6 0.055|x − 1|3 for all x ∈ [1/2, 2].
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An alternative to the MLE - 2

Replacing the log by ϕ we see that the analogue of

t̂n = argmin
t∈S

sup
u∈S

n∑
i=1

log
Åu(Xi)
t(Xi)

ã
= argmin

t∈S
sup
u∈S

n∑
i=1

1
4 log

Åu(Xi)
t(Xi)

ã
can be written as

t̃n = argmin
t∈S

sup
u∈S

n∑
i=1

1
4ϕ
Åu(Xi)
t(Xi)

ã
= argmin

t∈S
sup
u∈S

T(X , u, t),

with

T(X , u, t) =
n∑

i=1
ψ

Ç 
u(Xi)
t(Xi)

å
and ψ(x) = x − 1

x + 1 .

Note that t̃n does not coincide with argmaxt∈S
∑n

i=1 ψ
(
t(Xi)

)
since,

when replacing the log by ψ, we have lost the magic property of the
logarithm which says that log(a/b) = log a − log b,

14 / 43



Why does this work?
The sign of T(X , u, t) actually provides a good test between t and u
because it is a good estimator of ρ(u, s)− ρ(t, s) = h2(t, s)− h2(u, s),
where s denotes the true density and ρ = 1− h2 and h are respectively
the Hellinger affinity and distance (hence the name of ρ-estimators):

h2(t, u) = 1
2

∫
X

Ä√
t −
√
u
ä2

dµ and ρ(t, u) =
∫

X

√
tu dµ.

Just pretend for a minute that

T(X , u, t) = h2(t, s)− h2(u, s) (1)

exactly. Then

argmin
t∈S

sup
u∈S

T(X , u, t) = argmin
t∈S

sup
u∈S

[
h2(t, s)− h2(u, s)

]
= argmin

t∈S
h(t, s)

and if s ∈ S, one gets t̃n = s; otherwise t̃n is a point in S which is closest
to s. Of course this is not true since (1) does not hold but one can derive
precise results about the performance of t̃n from a study of the process
T(X , u, t)− h2(t, s) + h2(u, s) which can actually be done even if s 6∈ S,
resulting in the robustness properties of the ρ-estimators.
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A basic result about ρ-estimators

Theorem
Given the dominated statistical model P = {Pt = t · µ, , t ∈ S}
and whatever the true density s with respect to µ, the ρ-estimator
t̃n satisfies the following error bound whatever ξ > 0:

Ps

ñ
h2(s, t̃n) 6 C

Ç
h2(s,S) + Dn(P)

n + ξ

n

åô
> 1− e−ξ,

where Dn(P) stands for the complexity of the model, defined in a
suitable way.

The term h2(s,S) accounts for the robustness properties of the
estimator. As to the complexity Dn(P), it can typically be
bounded via metric- or VC-dimension arguments. In all the cases
we analyzed, this bound results in optimal rates of convergence.
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Extensions

The previous theorem is a very simplified version of our general
result and the method does work for more general situations.

• Our results actually deal with independent but not necessarily
i.i.d. observations in order to apply to regression frameworks.
• The model P has to be dominated by µ but the true

distribution can be anything and is not necessarily absolutely
continuous with respect to µ.
• As is the case for T-estimators, one can actually work with
many models simultaneously, by adding a penalty term to the
criterion we minimize. This leads to adaptive estimators and
also allows to deal with fixed design regression without
precisely knowing the distribution of the errors.
• The way the estimator is built also allows to perform
estimation in the regression framework with random design
without knowing the distribution of the design.
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• In favourable situations (nice parametric models), if the model
is correct, the ρ-estimator asymptotically coincides with the
maximum likelihood estimator.
• One can build a Bayesian version of the ρ-estimators with the
advantage that it is robust with respect to Hellinger
deviations for the same reasons as before.

Main drawback: the price to pay for all these nice theoretical
properties is the high level of complexity required to effectively
compute the estimator in most situations.
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A very simple illustrative example

We have at hand n independent observations which are (theoretically)
uniformly distributed in an interval [T − 1,T + 1] with an unknown
parameter T ∈ R but, since our observations are not quite reliable, there
may be some outliers. We want nevertheless to design an accurate
estimator of T from the observations. What accuracy can we expect of
an estimator of T?

Mean or median of the data
Accuracy of order 1/

√
n plus

robustness in the case of the median

Mean of the extreme points
It is one of the maximum likelihood
estimators. Accuracy of order 1/n

The second strategy reaches the best possible accuracy. However...
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Instability/Stability

What if the set of data contains one remote outlier?

the average of the extremal points leads to a poor estimation of T . This
strategy is unstable/not robust to the presence of a single outlier. The
mean suffers from the same defect. Not the median but, in the absence
of outliers it leads to an error of order 1/

√
n rather than n.
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Can we get both optimality and robustness?

Yes: a ρ-estimator “T of T is such that the interval
î“T − 1,“T + 1

ó
contains most of the data. As a consequence, it is robust and will still
have a risk of order 1/n if the number of outliers is small enough. Note
that when the model is correct (no outlier) it is a maximum likelihood.
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